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1 Introduction the complex amplitudes at the aperture and the image plane

Light from astronomical objects undergoes phase aberra-f0rm & two-dimensional Fourier transform pair:

tions when passing through atmospheric turbulence. These .

aberrated wgvefro?lts progagate topthe aperture of the teleW(U,v)=F[Aexfi¢(x,y)J{u,v}, 2
scope, where the object is imaged onto a detector at the .

focal plane. An important problem in astronomical imaging Where denotes the Fourier transform,

is to estimate the phase of a wavefront at the aperture of the

telescope. It is not possible to measure the phase of the N

wavefrc?nts directly, Eo the phase must be rec%vered from]:[f(x’y)]{u’v}_ J,xJ:mf(X’y)

intensity measurements. )

The wave is focused onto the focal plane of a telescope. xexf —i2m(xu+yv)]dxdy. 3
We adopt the notation=(x,y) to represent the Cartesian ) )
coordinates in the aperture, with the corresponding coordi- A detector at the focal plane measures the intenigity,
nates €,7) used in the focal plane where the photons are Where
detected. The relationship between the incident wave of

amplitudeA(x) and phaseb(x), A(x)exdi¢()], and the (W =[w(w)[* (4)
g;),lmplex amplitude at the focal planey(¢,7), is given The phase retrieval problem here consists of determining
' the most likely phase screefi(x) from a noisy intensity

; 2, 2 o e measurement(u), and prior information about the statis-
W(& m)= e “("? )/ f A(X) tics of the phase and the noise.
inf —oJ -0 We investigate how photon noise limits the performance
o of any phase retrieval algorithm in estimating the phase of
Xexdi ¢(x)]ex;{ —i=—(xé+yn) |dxdy, (1) the wavefront. Section 2 describes the phase retrieval prob-
A lem, which we solve in Sec. 3 by linearizing the problem
around the solution. In this way, we can obtain a maximum-
where\ is the wavelength of the photons ahi$ the focal likelihood estimate of the phase and quantify the error re-
length of the lens or mirror. When we define=(u,v) sulting from the addition of noise. We also use the Cname

= (&, n)/\f and ignoring the term before the integral sign, Rao lower bound to compute this performance limit.
Phase retrieval is nonlinear and consequently difficult to

solve. The nonlinearity of the phase retrieval problem has
*Current affiliation: Observatoire de Lyon, 9 Avenue Charles Anége Often been avoided by using other wavefront sensing tech-
561 St.-Genis-Laval Cedex, France. niques, notably the Shack-Hartmann sensor, to estimate the
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phas€ Conventional Shack-Hartmann sensing uses the lin- Ambiguity 2: Addition of a multiple of 2r to any point in

ear relationship between the displacement of the speckleg(x) for monochromatic light.

image and the mean wavefront slope in an aperture to es-

timate the slope of the phase. Subdividing the aperture pro-Ambiguity 3: Replacings(x) by — ¢(—Xx) if A(X) is sym-

duces a set of slope estimates, and the resulting linear equametrical.

tions are then solved to obtain the phase. However, each

speckle image contains more information than just the The mean phase is called the piston term, and is set to zero

slope, and a subdivided aperture poses a set of linked phas#o remove the first ambiguity. The other two are a problem

retrieval problems. The feasibility of doing phase retrieval for iterative phase retrieval algorithms, because there can

using images from subdivided apertures has beenbe convergence to the wrong solution. This obstacle can be

proposed - and is the subject of further investigation here. avoided by starting sufficiently close to the true solution,

A difficulty that arises is that there is an irretrievable loss of which is the case in the analysis here. We then obtain the

information that occurs when the aperture is subdivided, solution in the presence of noise by adopting a linear model

and we quantify this analytically in Sec. 5. Simulation re- close to the true solution. In practice, this implies an algo-

sults are presented in Sec. 7 to confirm the theory. rithm capable of tracking phase variations, assuming that
the rate of change is sufficiently slow so that a good start-
ing phase estimate is available.

2 The Phase Retrieval Problem _ o _
The Fourier transform model requires the intensity to be 3 Linearization of Phase Retrieval

measured continuously and for an infinite extent. In prac- 31 wotivation
tice, the Fourier transform is approximated by the discrete

Fourier transform(DFT), so thatw(u,v) is given by We wish to consider the effect of photon noise on the so-

lution and quantify the error induced by the noise. To find

N—1 N—1 the error, we need to know the best estimate of the phase
_ ; that can be made using the intensity measurements and
w(u,v)=— A(X,y)exfdio(X, - . o -
(uv) N2x20 ygo Ooy)exid(xy)] prior information about the statistics of the noise and wave-

front phase. One way to do this is to linearize the problem
®) around the true phase screen. Linearization reduces a non-
' linear problem to a linear one by discarding the higher or-
der terms. The linear problem is easier to solve, and it is a
whereN is the number of samples in each dimension of the good approximation to the full problem, provided that the
phase screen. The intensity is now effect of the higher order terms is small. This is the case
when the deviations from the true phase are small.

2T
Xex;{ﬂ W(xu+yv)

1 N-1N-1 Wilde'® has also proposed a linear phase retrieval
l(uv)=|— > D Ay exdid(xy)] scheme, but the scheme uses three or more intensity images
N< x=0 y=0 with known phase offsets and only small wavefront pertur-
5 bations. The algorithm linearizes the phase around a planar
wavefront rather than the true phase.
Xexpg —i—(xu+yv) (6)

3.2 Direct Solution

This approximation can lead to aliasing when the phase If we perturb a unit amplitude phase scregfx) by a small
screen is undersampled, and to spectral leakage, due to themountA ¢(x), we obtain a perturbed complex amplitude
a_lssumption of periodicity. The exter_1t of the r_:tperture_is de- 4t the focal planew(u):
fined by anNX N rectangular array inserted in the middle
of a 2N X 2N array of zeros, because the intensity distribu- =, _ ;
tion has twice the bandwidth of the complex amplitude at W =FIACXH (00 +AS(X)]]
the focal plane. At good astronomical sitégx) is almost ~F[AX)exdid(X)]-(1+iA¢(x))], (7)
constant within the apertufeso we assume that the ampli- . o
tude is a constant that forcé6u,v) to sum to 1. Outside  Using the approximation
the apertureA(x) is zero. We then use the DFT to obtain a . .
2N X 2N array of intensity measurements. exfiAp(x)]~1+1AH(X). (8)
The objective of phase retrieval is to estimate the wave-
front from an intensity measureméitlf there is no noise,
an exact semianalytical solution can be obtaitfeth the
presence of noise, however, there exist many algorithms for ~ i )
obtaining an approximate solution, for example those de- AW(U)=w(u) —w(u)=F[iA#(x)- A(x)exdid(x)]], (9)
vised by Fienug? and Irwan and Lan& S _ _
The solution obtained is, however, not unique, as there Which is a linear function oA ¢(x). Using an overbar to
are three changes that can be made to the phase screen thegnote complex conjugation, we can write the new inten-
do not affect the intensity distributioh Sity as

The change in complex amplitudew(u) can be ap-
proximated by

Ambiguity 1: Addition of a constant t@(x). [(u)+Al(u)y=[w(u)+Aw(u)]-[w(u)+Aw(u)]. (10
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Therefore, using Re] to denote the real part of an expres-
sion,

Al(u)=w(u)-Aw(u)+w(u)-Aw(u)+Aw(u)-Aw(u)

~2 Regw(u)-Aw(u)], (11
by making the approximation
|Aw(u)|2~0. (12

The approximation is only valid when the intensity is much
larger than the change in intensity. Combining E§$.and
(11) yields

Al(u)=2 Rg FTAX)exdid(X)]]- F[iA p(X)
-Ax)exdi¢(x) 111,

which can be rewritten as a system of linear equations,

(13

Al=HA¢. 14

I, Al, ¢, and A¢ are vectors obtained by stacking the
columns of the respective matrices. The columns of the
4N?x N2 matrix H are found by setting one elementAnp

at a time to 1 and evaluating E(.3). We start with a phase
screeng, that gives rise to an intensity distributibp. The
intensity is normalized so thall,=1. From a noisy mea-
surement], normalized such thatl=1, we want to esti-

mate the phase screen that most probably caused that disgt o0k N2

tribution. If the noise is normally distributed, then the least-
squares estimator gives the maximum-likelihood estimate.
For an intensity perturbation &1=1-1,, the correspond-

Step 3: LetAp=(HTH) *HT(1-1).

Step 4: LetA ¢ be equal to the element dfé with
the largest absolute value.

Step 5: Set the step sizdo t=min(y/A ¢mapl).
Step 6: Letp=dp+tA .

Step 7: Leti=| F[Aexdig]]

Step 8: Ifc}ﬁ has not converged, go to Step 2.

The parameteyy dictates the maximum change in phase at
each iteration. In our simulationgy was set to 0.001,
which ensured convergence without being excessively
slow.

The LIA is a modified version of Newton’s methdd.
The modification is in Step 5, where the step size is limited.
There are many other algorithms that can also be used to

minimize =(1—1)2. For comparison, we also employed the
steepest descent and the conjugate gradient methdus,
found that the convergence was slower.

The question of convergence of the algorithms to a glo-
bal minimum is tightly linked to the uniqueness of the so-
lution. Sanz and Huar§ note that the problem appears
overdetermined, since the number of equatiod 4x-
ceeds the number of unknowh&. The solution is unique
to within the three ambiguities mentioned in Sec. Hifs
— 1. While this was the case in the simulations,
we have been unable to provide an analytic proof.

ing phase screen estimate is obtained by the least-squared Prior Information

solution to Eq.(14):

Ap=(HTH) HTAI, (15)
where H'H) " denotes the generalized invetsef HTH.
Matrix H™H is singular, because it is of rat¥>—1. One
way to see this is that no matter what the intensity is,
SA$=0.

3.3 Linear lterative Algorithm

The problem at hand is to find the phase distributipn
with a corresponding intensity, that minimizes the error

metric Z(I—f)z. When the linear approximations apply,
Eq. (15 defines the solution. However, for the noise levels
of interest, the errors in the linear approximations of Egs.
(8) and(12) play an important role. As the perturbatidnp
increases, so do the errors involved in the approximations.
One way to combat this problem is to apply the linear
model iteratively, so that at each stApb is small. At each
iteration, theH matrix is updated. The linear iterative algo-
rithm (LIA) is as follows:

Step 1: Initially p= by, 1=1,.
Step 2: Calculatéd using Eq.(13).

A better estimate can be obtained by adding prior informa-
tion about the measurement noise and the phase screen to
be estimated. Wavefront reconstruction from Shack-
Hartmann data routinely employs prior information about
the turbulence: it either implicitly assumes that the wave-
front is smooth’ or it explicitly assumes that the wavefront
obeys Kolmogorov statistics.

The addition of prior information to the phase retrieval
problem was shown by Irwan and Lane to result in a sub-
stantial reduction in the error, provided that the starting
estimate is close to the solutidhUsing E[ - ] to denote the
expectation operator, the phase covariance marjx is
defined as

Cy(i,))=E[o(1)p(])],

and is obtained by the method of WallfétHowever, we

use ¢(i) here to denote the mean phase in that pixel, not
the phase sampled at the center, as was the case in our
previous worké’ The mean phase has the desirable property
that the mean phases over the entire aperture sum to zero,
while the sum of the points at the center of the pixels do
not. The mean phase is also more compatible with the DFT,
which assumes that the phase is integrated over the pixel.
In addition, we show in Sec. 5.3 that there is a smaller error
in reconstructing the phase from subdivided aperture data
when the mean phase is the estimated quantity. The statis-

(16)
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tics of the phase screens are taken to be Kolmogbemg Step 7: Leti =| F[ A exdid]]%
the arrival of photons at each pixel of the detector is mod-
eled as independent Poisson processes. Since a Gaussian
distribution is a good approximation to the Poisson distri-

bution when the average number of photons is high, we Thjs algorithm does not have guaranteed convergence to

Step 8: If ¢ has not converged, go to Step 2.

write the noise covariance matrx,, as the minimum value of Eq(18). However, in practice the
_ o algorithm converged monotonically to the solution, except
o _ _ [(i)/P if i=] when the aperture was subdivided aRek10°, in which
Cai(h.)=E[AIDAID]=1 4 otherwise, 17) ?ase the algorithm sometimes oscillated between two solu-
ions.
whereP is the total number of photons detected at the focal
plane.

4.2 Comparison with Phase Retrieval Algorithm

We define the solutios to the phase retrieval problem , ) .
as being the phase screen that minimizes an error metric! € Performance of the linear iterative method was com-
pared to another algorithm based on MAP estimation. Ir-

composed of the measurements and prior information: . ;
P P wan and Lan¥ solved the phase retrieval problem using

min conjugate gradient minimization. The same prior informa-

- T+ . 2 \T tion about the statistics of the phase was used, but the noise
= ¢{d'Cyh+(|F[Aexdia]]*~1) was explicitly set to be Poisson, leading to a different error
X Cyr(|F[Aexdi]l2—1}. (18 metric to that of Eq(18):

This is the maximuna posteriori(MAP) estimate of¢. It .
must be emphasized th@at, is singular, because it forces 5 _ [ ) . 2y _ ; 2
the sum of the phases to be zero. This means that the gen—d) ¢ 2 (I In(| 7 LA exdi ¢]11%) ~ | 7LAexdi¢111%
eralized inversé?; must be used in place of the inverse.

If we now utilize the linear model and leth= ¢, +¢'Cy ¢]. (22
+A ¢, the quantity to be minimized is

¢TC;¢+(HA¢—AI)Tcgll(HAgb—Al). (19 The error metric of Eq(22) represents the natural loga-
rithm of the likelihood of a phase screen. To compare the
Equation(19) can be expanded to linear iterative algorithm to this phase retrieval algorithm,

random phase screens were simulated vt =1 and
¢'Chp+(Hp—Ho—ANTC (H—Hpo—Al). (20 P=10°. The starting point was set by displacing the true

phase by another random phase screen Wifhy=0.1.
Assuming that the nois@l is normally distributed, this  Note that the displacement is much greater than the error
expression is minimized by expected by the photon noise alone. It was found that the

linear iterative algorithm had a mean-squared error of
Agp=(HTC H+CJ) HTC{(Hpo+ A~ ¢y.  (21) (1.70£0.03)x 10" ®, which is the same as was obtained

starting from the true phase. By contrast, the conjugate gra-

dient algorithm based on Poisson statistics returned a mean-
4.1 |terative Solution squared error of (1:81.0)x10 °. The difference can be
attributed to the different statistical model, which confirms
previous experience that Gaussian statistics are more robust
than Poisson statistié3.

As in Sec. 3.3, the phase corresponding to a noisy intensity
measurement was computed by iterating the linear approxi-
mation. At each iteratiolC;* is calculated from andH is
calculated using Eq.13). The algorithm is as follows:
~ ~ 5 Aperture Subdivision
Step 1: Initially ¢= g, 1=1.
5.1 Subdivided Aperture

Step 2: Calculatéd andC . The aperture can be subdivided, as if it were a Shack-
. . Hartmann sensor, and each subdivision of the aperture is
Step 3: Let Agp=(HTC,H+Cj) HTC ' (Hp+I focused onto a different point on the focal plane. We con-
-N-¢ sider the case of subdividing the aperture into>a22array;
any further subdivision can be considered to be a repetition
Step 4: LetA ¢y be equal to the element dfé with of this process. Each of the four subapertures
the largest absolute value. A(x)exdi¢i(X)] is embedded in aNXxXN array of zeros
and Fourier transformed using &N point DFT to ob-
Step 5: Set the step sizeo t=min(y/A dmael). tain intensity vectors; for each of thej={1,2,3,4 subap-
o R ertures. We can calculate the corresponditfgx N2/4 ma-
Step 6: Letp=p+tA . tricesH; to obtain
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Al H, 0 0 O07[A¢, cally correlated. However, this correlation is not determin-

Al 0o H. 0 olla istic, so there is an unavoidable error in the piston estima-
2 _ 2 b2 23) tion for a finite number of pixels.

Alg 0 O Hg O0||Ad¢s]| Let ¢y be the initial phase screen. In the absence of

Al, 0 0 0 Hyl|lAdg, noise, the MAP estimate from subdivided aperture data is:

Note that the ordering of the phase coordinates ing¢he . ™"

vector has changed to reflect the geometry of the problem. ¢= ¢ (o L‘p)TC;(‘ﬁO_ L)y (29)
The columns of each subaperture are stacked separately, T )
one subaperture at a time. We cannot solvefg directly Here,z,b=[1,bl,¢_p2,z,b3,¢€4] is the piston added to each sub-
through the generalized inverse of the matrix in E2p), aperture andl. is theN“X 4 matrix that relates the phase at
because the system of equations is underdetermined. Thigach pixel to the corresponding piston tegnt

occurs because there is no way to determine the relative
mean phases between the subapertures from the intensity 1
measurements obtained. Consequently, prior information 0
must be used to obtain a solution in this case. The phase =
covariance matrix for the full apertur€, imposes a 0
smoothness constraint on the phase at the boundary of the 0
subdivision that overcomes this difficulty. Inserting 1@g

matrix is equivalent to adding an equation for every free  Equation(25) states that the estimator predicts the phase
variable. The equation is obtained by assuming that the screen obtained by adding piston terms to the subapertures,
elements ofp are normally distributed with zero mean and so that the overall phase best matches the Kolmogorov sta-
with a covariance given b€ ,. This guarantees a solution tistics. The difference between this estimate and the origi-
to the problem. If we label the three quantities in E2R) nal phase screen is the error that results from aperture sub-
Al, H, andA ¢, respectively, the solution fak ¢ is again  division. The solution to Eq(25) is??

given by Eq.(21).
¢=(LTC4L)"L'C} o=Bo, (27)

(26)

o o ~» O
o r O O
= O O o

5.2 Full and Subdivided Aperture Data

The feasibility of using both full and subdivided aperture wWhereB is a 4<N? matrix. Random phase screens with

imaging to do phase retrieval has been experimentally con-Kolmogorov statistics can be obtained directly from the

firmed by Roggemann, Schulz, and Ngaiakahashi and  covariance matri¥> We find the eigenvalues; and the

Takajd also found that its convergence was much quicker corresponding eigenvectous of Cy. Let

than using only the image from the full aperture in the

absence of noise. U=[u,Uy, ... unz], (29)
We implemented it by combining the matrices from

Secs. 4 and 5.1 to obtain the following system of equations: gnd

[ALT T H ] Ad T U U S L (29)
Al H, 0 0 0 '
ALl=l o H 0 o A, 24 A random vectoix is generated, where each element is an
21~ 2 Agg | (24) independent zero-mean Gaussian random variable with the
Alj 0 0 Hz O A variance given by the corresponding elementAin The
L Al,] LO 0 0 H,J Pa phase screen is given by
Again, we rename the three expressions in @4) Al, H, $ho=UX. (30)

andA ¢ and solve using Eq21).
We first consider the case where the photons are evenlyHence,
distributed between the full and subdivided apertures. Be-
cause there are only half as many photons at each detectory=BUX, (31
the signal-to-noise ratio of each measurement decreases by
a factor of two. We then show by simulation that the recon- and
struction does not depend strongly on the exact partitioning
of the photons between the full and subdivided apertures. E[|#|?]=E[|BUx|?]=E[|BU|?]E[|x|?]=|BU[’\. (32

5.3 Loss of Information in Subdivision Here, |-|? indicates element-by-element squaring rather
When the aperture is subdivided into x 2 array, the four ~ than matrix multiplication. Equatio82) holds because the
intensity measurements give no indication about the rela- elements inx are statistically independent. Note that the
tive piston of each subaperture. The relative pistons can becovariance matrix is proportional toD{ro)*? so the
estimated using prior knowledge of the phase covariance,squared error is also proportional tBfr,)>3, whereD is
since the phases in the different subapertures are statistithe length of the aperture amg is the Fried parameter.
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Table 1 Mean-squared error due to aperture subdivision using the ~ 1
mean phase of the pixel. Varl ¢ ]=[J " Juk, (33
N 4 8 16 32 where J is the Fisher matrix. The elements of the Fisher

matrix J,; consist of

MSE (rad?) 2x2 0.04289 0.006671 0.001119 0.0001850
MSE (rad?) 4 X 4 0.01940  0.003369 0.0005728 =32 In (1] pg)
MSE (rad?) 8x8 0.007438 0.001383 K™ . apeid

I (1] po)

f(I]go)dl =—E Ty

} . (39

where K -] represents the expectation operator. For mea-
surements with additive Gaussian noise of variange,

Consider arN X N square aperture that is imaged onto a the probability density functiofi(l] &) is

2N X 2N pixel detector. We then subdivide the aperture into

a 2x2 array and image each subaperture ontoNaqN 1 C(1—1g)?
pixel detector. Table 1 shows the mean-squared error intro-f (|| ¢q) =] | ex 0 , (35)
duced by the subdivision process, found by evaluating Eq. oaN2T 203,

(32 for D/ry=1. We repeat this process for ax4 and

8x 8 subdivision. Other values dd/r, can be found by  Wherelg is the intensity corresponding . Hence,
multiplying by (D/ro)%3. It can be seen from Table 1 that

the error in the wavefront estimate associated with subdi- —(I=1¢)? 1

viding the aperture decreases as the number of detector'”f(”‘ﬁo)zz 252 2 (36)
pixels increases. The reason for this is that the smaller the Tal TaNem

spacing between adjacent pixels in neighboring apertures,
the greater the phase correlation between them and the
easier it is to match the phase at the boundary. Better per- 9 ainf(l|dg)
formance can thus be obtained by estimating the phase aUkle[_ B b _0}
more pixels in the aperture. Intuitively, we expect the effect db dlo Ik

of subdividing an aperture directly into ax4 array to 9 S(I=1g) 4l

produce a similar error to subdividing it into a2 array, —f - = ¢ _0]

and then further subdividing each of the four subapertures b oy, I

into a 2x2 array. This repeated subdivision results in a PR Jl

mean-squared error of 0.001101/2)*°x 0.006671 =[_° =2 37)
=0.003220, which is comparable to 0.003369 obtained by I Ik

directly subdividing into a x4 array. . Note that the expectation operator is no longer needed, as
If the apertures are matched using the covariance of thethere is no dependency on the measured interisit3
phase at the center of each pixel instead of the mean, the P y y

error associated with the subdivision more than doubles Making use of the relationshifp=Hd¢, this leads to
(Table 2. This indicates that it is advantageous to estimate
the average phase over the pixel rather than its phase at th
center.

Jd=HTCy'H. (39

The CRLB for the sum of the phase errors in estimatipg

6 Cramér-Rao Lower Bound IS

The Crame-Rao lower bound CRLB) is the most com- . Te—1y+
monly used lower bound for estimation probleffi€® It Varl ¢o]=Tracg (H'Cy H) ], (39
predicts the minimum variance of any unbiased estimate of \ erq the trace of a matrix is the sum of the leading diag-
one or more parameters, given the statistics of the measure " vicc The error in estimating, depends orH
ment noise. For nonlinear estimation problems, the CRLB ~ = ~. . ™ . 28 o dep '
is not the tightest lower bound and it can only be ap- WhiCh is itself a function oics .
proached in practice at high signal-to-noise ratios. Refer- . .
ences for the CRLB are van Trééand Kay?’ 7 Simulations

For the problem at hand of estimatitéf phase param-  There is a limit imposed as to how well we can estimate the

eters, ¢, from 4N? noisy intensity measurements, the phase screen in the presence of noise. This limitation was
CRLB states that quantified by using the LIA to estimate how much the so-

lution to Eq.(18) varies from the true phase screép.
Due to the high computational load of the LIA, the
Table 2 Mean-squared error due to aperture subdivision using the analysis was limited to 1616 square phase screens inside
phase at the center of the pixel. a 32x 32 array of zeros. To limit the amount of aliasing, we
restricted the turbulence to a maximum Dfr,=4. Ran-
dom phase screens were generated using the method out-

MSE (rad?) 2x2 01359 0.01783 0.002646 0.0004266 lined in Sec. 5.3. The intensity distributioly,, correspond-
ing to the phase screen was computed using(&q.

N 4 8 16 32
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Table 3 Mean-squared error for a single phase screen with uncorrelated image-independent additive
Gaussian noise.

Sa 10710 10°° 108 1077 1076 1075

CRLB (rad?)  2.534x107% 2.534x107° 2.534x107% 2.534x107% 2534x1072 2.534x107 !
LIA (rad?) 258x10°% 261x10°° 2.32x10°* 1.15%x10°° 0.371x10°? 0.100x10°*
1o error (rad®?) 0.04x10°% 0.05x107° 0.05x10"* 0.02x10°% 0.004x10°2 0.001x10°*

7.1 Comparison with the Cramér-Rao Lower Bound Gaussian random variable, with the variance set equal to

We compared the phase error for the uncorrelated, image-t® expected value of the signal. The ”Oi_sf covariance is
independent, additive Gaussian noise case using the CRLBthat given by Eq.(17), whe‘rleP is set t0S,". Sy was

and LIA. A single 16< 16 phase screen with Kolmogorov ~ varied between 10° and 10°*. From Table 4, we see once
statistics and/r,=1 was generated, but here we did not again that the CRLB is attained at low noise levels, but the
use prior information about the phase. The resulting image LIA returns values lower than the CRLB when the noise is
was 32¢32. Hence the covariance of the noise is & 32 large. Again forD/ro=4, the CRLB mean-squared error
x 32 matrix with entries ofg3, along the leading diago- ~ Was 1.59& 10" at Sy, =10"", about 25% lower than for
nal. In this Casecri. is equal toS,, /322, whereS,, is the D/rg=1. This indicates that phase'retr}eva! is inherently
total noise power and varied between 49and 10°5. The better posed when the turbulence is high, independent of

results displayed in Table 3 show that the CRLB falls the noise model.
within the 20~ uncertainty bounds of the LIA at low noise.

It was observed in the reconstructions th@fﬁ&i bg, IM- 72 Fql/Apertgre ) o )
plying that the estimates produced by the LIA are biased, 1he noise-free intensity distribution was formed using the
and this bias was statistically significant. As the noise level full aperture. Poisson noise was then added and the noisy
increases, the bias in the phase estimate using the LIA alsdntensity distribution was renormalized to giveln all the
increases. The bias occurs because there is an |mp||c|t Conremaining simulations, prior information about the statistics
straint enforced in the LIA, namely that the intensity has to Of the phase and of the noise were used in the reconstruc-
be positive. In addition, when the noise exceeds the signaltions. We also use actual Poisson noise rather than the
at a given pixel, the approximation made in E@2) no Gaussian approximation, with the number of photons vary-
longer holds and the linear model relating the change in ing between 1®and 13°. As the noise level increases, so
phase to the change in intensity is inadequate. This resultsdoes the number of iterations needed to recover the phase.
in a lower error but introduces bias, and also the conver- The log mean-squared error of the phase is plotted
gence of the LIA becomes very slow. The CRLB, on the against the log of the number of photons in Fig. 1. All the
other hand, is based on an unconstrained estimatep of graphs have & error bars.
using theH matrix at ¢,. Since the intensity estimate is At high photon counts, there is a linear relationship be-
constrained to be positive by E@), for appreciab|e values tween the Iogarlthms of the Squared error and the number
of noiseH changes significantly during the iterations. Con- of photons whenP>10". Note that the gradient of the
sequently, the CRLB is only applicable at low noise levels. curve at high photon levels is 1.00, so the relationship is

To see what happens when the turbulence is more se-E[(A¢)2]<P~1. Although it is difficult to see from the
vere, we multiplied each phase value on the phase screemyraph, the error foD/r,=4 is about 5% lower than for
by (D/rg)*®. For D/ro=4, the CRLB mean-squared error D/r,=4 whenP=1C°, again reflecting the improved con-
was 0.02731 aB,, =10 °, a value nearly ten times lower ditioning of the phase retrieval problem at high turbulence
than forD/ry=1. This occurs because the observed inten- levels. This is expected, as the information about the phase
sity | is spread over a larger number of pixels, thereby is spread over many intensity pixels. When the photon
improving the conditioning of the inversion and lowering noise is high, the prior becomes significant and reduces the
the theoretically achievable mean-squared error. error, especially for low turbulence levels, where the prior

The CRLB can also be computed for image-dependent is strongest. In the limiting case when there are no photons,
noise. Poisson noise was approximated by an independenthe best phase estimate is zero, and the error is simply the

Table 4 Mean-squared error for a single phase screen with uncorrelated image-dependent additive
Gaussian noise.

Sa 10°8 1077 1076 10°° 1074
CRLB (rad?) 2.099x10°®  2.099x107°5  2.099x10°%  2.099x107%  2.099x10°?
LIA (rad?) 2.15%10°® 2.15x10°° 2.20x10°* 1.82x10°3 1.01x10°2
1o error (rad?) 0.03x10°® 0.03x10°° 0.04x107* 0.05x10°% 0.02x10°?
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Fig. 1 Log mean-squared error for a full aperture. The graphs cor-
respond to D/ r, ratios of 4 (top) and 1 (bottom).

mean-squared wavefront. This is obtained by averaging the
diagonal elements of the phase covariance matrix, and for

16X 16 phase screen, takes a value of 10R0¢)>%radf.

7.3 Subdivided Aperture

The error obtained in phase retrieval by subdividing the
aperture into a system ofX22 subapertures is plotted in
Fig. 2. The error due to the subdivision dominates For
=10P. The results at high photon counts agree well with the
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Fig. 3 Mean-squared error versus proportion of photons in single
aperture for D/ry=4 and P=106.

7.4 Full and Subdivided Aperture

The question arises as to whether there is any advantage in
a hybrid system based on full and subdivided aperture data.
The photons were initially split evenly between the two
detectors, with the results being visually indistinguishible
from Fig. 1. The results obtained are only a small improve-
ment to the case where just a single aperture is used with a
reduction in the error of up to 12% at high photon counts.
However, forD/r,=1 andP=10% the hybrid system with

the 50:50 photon split had a higher error than having all the
photons on the single aperture. The mean-squared error was

to the relative pistons of the subapertures

0.001119D/r,)%2. In all cases, the error is larger than for

the full aperture.

-1

d—error
L
0

Log10 Mean square
}
N

1
N
&)

-3 5 6 7 8

Log, , Number of photons
Fig. 2 Log mean-squared error for a 2 X 2 subdivided aperture and
16X 16 pixels. The graphs correspond to D/ r ratios of 4 (top) and 1

(bottom). The dashed lines indicate the error due to subdivision
alone (Table 1).
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The proportion of photons at each detector was varied
for D/ry=4 andP=10°, and the results are plotted in Fig.
3. It can be seen that the error is smallest when the photons
are evenly shared between the two detectors, but the mini-
mum is broad. However, when the number of photons is
smaller, there is no gain to be made by taking the two
images in the theoretical performance limit. It may, how-
ever, help avoid the phase reconstructor being trapped in a
local minimum when the algorithm is started far from the
solution.

8 Conclusion

A method to solve the phase retrieval problem using linear
iterations near the solution has been developed. This
method quantifies the asymptotic error in phase retrieval
due to both the presence of noise and the effect of aperture
subdivision.

It was found that prior information about the phase and
noise improves the conditioning of the problem. When
phase retrieval is performed on data from subdivided aper-
tures, there is a loss of information about the relative piston
terms of the subapertures, and this error has been quanti-
fied. There is a smaller wavefront error when estimating the
phase from a full aperture than from a subdivided aperture.
Using a combination of both sets of intensity measurements
improves the performance when the number of photons is
very high, but for moderate photon levels the limiting per-
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formance is better for a single image using the unsubdi-
vided aperture. In the absence of prior information, the

phase retrieval problem is more well posed when the tur- 17.

bulence is strong. The effect is less significant in the pres-
ence of prior information, since the prior is stronger for
weak turbulence.
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