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Abstract. Phase retrieval is a nonlinear technique used to recover the
phase in the Fourier domain using intensity measurements at the image
plane and additional constraints. We describe a method to solve the
phase retrieval problem using linear iterations near the solution, which
provides both analytical insight into phase retrieval and numerical re-
sults. The algorithm finds the maximum a posteriori estimate of the
phase using prior information about the statistics of the noise and the
phase, and it was found to converge well in practice. When phase re-
trieval is performed on data from subdivided apertures, there is a loss of
information regarding the relative piston terms of the subapertures. This
error is quantified. We find that there is a smaller wavefront error when
estimating the phase from a full aperture rather than from a subdivided
aperture. Using a combination of intensity measurements from full and
subdivided apertures results in a small improvement at very high photon
levels only. © 2002 Society of Photo-Optical Instrumentation Engineers.
[DOI: 10.1117/1.1475336]
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1 Introduction

Light from astronomical objects undergoes phase abe
tions when passing through atmospheric turbulence. Th
aberrated wavefronts propagate to the aperture of the
scope, where the object is imaged onto a detector at
focal plane. An important problem in astronomical imagi
is to estimate the phase of a wavefront at the aperture o
telescope. It is not possible to measure the phase of
wavefronts directly, so the phase must be recovered f
intensity measurements.

The wave is focused onto the focal plane of a telesco
We adopt the notationx5(x,y) to represent the Cartesia
coordinates in the aperture, with the corresponding coo
nates (j,h) used in the focal plane where the photons
detected. The relationship between the incident wave
amplitudeA(x) and phasef(x), A(x)exp@if(x)#, and the
complex amplitude at the focal plane,w(j,h), is given
by1:

w~j,h!5
exp@ ip~j21h2!/l f #

il f E
2`

` E
2`

`

A~x!

3exp@ if~x!#expF2 i
2p

l f
~xj1yh!Gdxdy, ~1!

wherel is the wavelength of the photons andf is the focal
length of the lens or mirror. When we defineu5(u,v)
5(j,h)/l f and ignoring the term before the integral sig
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the complex amplitudes at the aperture and the image p
form a two-dimensional Fourier transform pair:

w~u,v !5F @A exp@ if~x,y!##$u,v%, ~2!

whereF denotes the Fourier transform,

F @ f ~x,y!#$u,v%5E
2`

` E
2`

`

f ~x,y!

3exp@2 i2p~xu1yv !#dxdy. ~3!

A detector at the focal plane measures the intensityI (u),
where

I ~u!5uw~u!u2. ~4!

The phase retrieval problem here consists of determin
the most likely phase screenf(x) from a noisy intensity
measurementI (u), and prior information about the statis
tics of the phase and the noise.

We investigate how photon noise limits the performan
of any phase retrieval algorithm in estimating the phase
the wavefront. Section 2 describes the phase retrieval p
lem, which we solve in Sec. 3 by linearizing the proble
around the solution. In this way, we can obtain a maximu
likelihood estimate of the phase and quantify the error
sulting from the addition of noise. We also use the Cram´r-
Rao lower bound to compute this performance limit.

Phase retrieval is nonlinear and consequently difficul
solve. The nonlinearity of the phase retrieval problem h
often been avoided by using other wavefront sensing te
niques, notably the Shack-Hartmann sensor, to estimate
1387© 2002 Society of Photo-Optical Instrumentation Engineers
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phase.2 Conventional Shack-Hartmann sensing uses the
ear relationship between the displacement of the spe
image and the mean wavefront slope in an aperture to
timate the slope of the phase. Subdividing the aperture
duces a set of slope estimates, and the resulting linear e
tions are then solved to obtain the phase. However, e
speckle image contains more information than just
slope, and a subdivided aperture poses a set of linked p
retrieval problems. The feasibility of doing phase retriev
using images from subdivided apertures has b
proposed3–6 and is the subject of further investigation her
A difficulty that arises is that there is an irretrievable loss
information that occurs when the aperture is subdivid
and we quantify this analytically in Sec. 5. Simulation r
sults are presented in Sec. 7 to confirm the theory.

2 The Phase Retrieval Problem

The Fourier transform model requires the intensity to
measured continuously and for an infinite extent. In pr
tice, the Fourier transform is approximated by the discr
Fourier transform~DFT!, so thatw(u,v) is given by

w~u,v !5
1

N2 (x50

N21

(
y50

N21

A~x,y!exp@ if~x,y!#

3expF2 i
2p

N
~xu1yv !G , ~5!

whereN is the number of samples in each dimension of
phase screen. The intensity is now

I ~u,v !5U 1

N2 (
x50

N21

(
y50

N21

A~x,y!exp@ if~x,y!#

3expF2 i
2p

N
~xu1yv !GU2

. ~6!

This approximation can lead to aliasing when the ph
screen is undersampled, and to spectral leakage, due t
assumption of periodicity. The extent of the aperture is
fined by anN3N rectangular array inserted in the midd
of a 2N32N array of zeros, because the intensity distrib
tion has twice the bandwidth of the complex amplitude
the focal plane. At good astronomical sites,A(x) is almost
constant within the aperture,7 so we assume that the amp
tude is a constant that forcesI (u,v) to sum to 1. Outside
the aperture,A(x) is zero. We then use the DFT to obtain
2N32N array of intensity measurements.

The objective of phase retrieval is to estimate the wa
front from an intensity measurement.8,9 If there is no noise,
an exact semianalytical solution can be obtained.10 In the
presence of noise, however, there exist many algorithms
obtaining an approximate solution, for example those
vised by Fienup,11 and Irwan and Lane.12

The solution obtained is, however, not unique, as th
are three changes that can be made to the phase scree
do not affect the intensity distribution10:

Ambiguity 1: Addition of a constant tof(x).
1388 Optical Engineering, Vol. 41 No. 6, June 2002
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Ambiguity 2: Addition of a multiple of 2p to any point in
f(x) for monochromatic light.

Ambiguity 3: Replacingf(x) by 2f(2x) if A(x) is sym-
metrical.

The mean phase is called the piston term, and is set to
to remove the first ambiguity. The other two are a proble
for iterative phase retrieval algorithms, because there
be convergence to the wrong solution. This obstacle can
avoided by starting sufficiently close to the true solutio
which is the case in the analysis here. We then obtain
solution in the presence of noise by adopting a linear mo
close to the true solution. In practice, this implies an alg
rithm capable of tracking phase variations, assuming t
the rate of change is sufficiently slow so that a good st
ing phase estimate is available.

3 Linearization of Phase Retrieval

3.1 Motivation

We wish to consider the effect of photon noise on the
lution and quantify the error induced by the noise. To fi
the error, we need to know the best estimate of the ph
that can be made using the intensity measurements
prior information about the statistics of the noise and wa
front phase. One way to do this is to linearize the probl
around the true phase screen. Linearization reduces a
linear problem to a linear one by discarding the higher
der terms. The linear problem is easier to solve, and it
good approximation to the full problem, provided that t
effect of the higher order terms is small. This is the ca
when the deviations from the true phase are small.

Wilde13 has also proposed a linear phase retrie
scheme, but the scheme uses three or more intensity im
with known phase offsets and only small wavefront pert
bations. The algorithm linearizes the phase around a pla
wavefront rather than the true phase.

3.2 Direct Solution

If we perturb a unit amplitude phase screenf(x) by a small
amountDf(x), we obtain a perturbed complex amplitud

at the focal plane,w̃(u):

w̃~u!5F @A~x!exp@ i ~f~x!1Df~x!!##

'F @A~x!exp@ if~x!#•~11 iDf~x!!#, ~7!

using the approximation

exp@ iDf~x!#'11 iDf~x!. ~8!

The change in complex amplitudeDw(u) can be ap-
proximated by

Dw~u!5w̃~u!2w~u!5F @ iDf~x!•A~x!exp@ if~x!##, ~9!

which is a linear function ofDf(x). Using an overbar to
denote complex conjugation, we can write the new inte
sity as

I ~u!1DI ~u!5@w~u!1Dw~u!#•@w~u!1Dw~u!#. ~10!
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van Dam and Lane: Theoretical performance . . .
Therefore, using Re@•# to denote the real part of an expre
sion,

DI ~u!5w~u!•Dw~u!1w~u!•Dw~u!1Dw~u!•Dw~u!

'2 Re@w~u!•Dw~u!#, ~11!

by making the approximation

uDw~u!u2'0. ~12!

The approximation is only valid when the intensity is mu
larger than the change in intensity. Combining Eqs.~9! and
~11! yields

DI ~u!52 Re@F @A~x!exp@ if~x!##•F @ iDf~x!

•A~x!exp@ if~x!###, ~13!

which can be rewritten as a system of linear equations

DI5HDf. ~14!

I , DI , f, and Df are vectors obtained by stacking th
columns of the respective matrices. The columns of
4N23N2 matrix H are found by setting one element inDf
at a time to 1 and evaluating Eq.~13!. We start with a phase
screenf0 that gives rise to an intensity distributionI0. The
intensity is normalized so that(I051. From a noisy mea-
surement,I , normalized such that(I51, we want to esti-
mate the phase screen that most probably caused tha
tribution. If the noise is normally distributed, then the lea
squares estimator gives the maximum-likelihood estim
For an intensity perturbation ofDI5I2I0, the correspond-
ing phase screen estimate is obtained by the least-squ
solution to Eq.~14!:

Df5~HTH !1HTDI , ~15!

where (HTH)1 denotes the generalized inverse14 of HTH.
Matrix HTH is singular, because it is of rankN221. One
way to see this is that no matter what the intensity
(Df50.

3.3 Linear Iterative Algorithm

The problem at hand is to find the phase distributionf̂,

with a corresponding intensityÎ , that minimizes the error

metric ((I2 Î )2. When the linear approximations appl
Eq. ~15! defines the solution. However, for the noise lev
of interest, the errors in the linear approximations of E
~8! and~12! play an important role. As the perturbationDf
increases, so do the errors involved in the approximatio
One way to combat this problem is to apply the line
model iteratively, so that at each stepDf is small. At each
iteration, theH matrix is updated. The linear iterative algo
rithm ~LIA ! is as follows:

Step 1: Initially f̂5f0 , Î5I0 .

Step 2: CalculateH using Eq.~13!.
s-

.

s

.

Step 3: LetDf̂5(HTH)1HT(I2 Î ).

Step 4: LetDf̂max be equal to the element ofDf̂ with
the largest absolute value.

Step 5: Set the step sizet to t5min(g/Df̂max,1).

Step 6: Letf̂5f̂1tDf̂.

Step 7: LetÎ5uF @A exp@if̂##u2.

Step 8: If f̂ has not converged, go to Step 2.

The parameterg dictates the maximum change in phase
each iteration. In our simulations,g was set to 0.001,
which ensured convergence without being excessiv
slow.

The LIA is a modified version of Newton’s method.15

The modification is in Step 5, where the step size is limit
There are many other algorithms that can also be use
minimize((I2 Î )2. For comparison, we also employed th
steepest descent and the conjugate gradient methods,15 but
found that the convergence was slower.

The question of convergence of the algorithms to a g
bal minimum is tightly linked to the uniqueness of the s
lution. Sanz and Huang16 note that the problem appea
overdetermined, since the number of equations 4N2 ex-
ceeds the number of unknownsN2. The solution is unique
to within the three ambiguities mentioned in Sec. 2 ifH is
of rank N221. While this was the case in the simulation
we have been unable to provide an analytic proof.

4 Prior Information

A better estimate can be obtained by adding prior inform
tion about the measurement noise and the phase scre
be estimated. Wavefront reconstruction from Sha
Hartmann data routinely employs prior information abo
the turbulence: it either implicitly assumes that the wav
front is smooth17 or it explicitly assumes that the wavefron
obeys Kolmogorov statistics.18

The addition of prior information to the phase retriev
problem was shown by Irwan and Lane to result in a s
stantial reduction in the error, provided that the starti
estimate is close to the solution.12 UsingE@•# to denote the
expectation operator, the phase covariance matrixCf is
defined as

Cf~ i , j !5E@f~ i !f~ j !#, ~16!

and is obtained by the method of Wallner.19 However, we
usef( i ) here to denote the mean phase in that pixel,
the phase sampled at the center, as was the case in
previous work.20 The mean phase has the desirable prope
that the mean phases over the entire aperture sum to z
while the sum of the points at the center of the pixels
not. The mean phase is also more compatible with the D
which assumes that the phase is integrated over the p
In addition, we show in Sec. 5.3 that there is a smaller er
in reconstructing the phase from subdivided aperture d
when the mean phase is the estimated quantity. The st
1389Optical Engineering, Vol. 41 No. 6, June 2002
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van Dam and Lane: Theoretical performance . . .
tics of the phase screens are taken to be Kolmogorov,7 and
the arrival of photons at each pixel of the detector is m
eled as independent Poisson processes. Since a Gau
distribution is a good approximation to the Poisson dis
bution when the average number of photons is high,
write the noise covariance matrixCDI as

CDI~ i , j !5E@DI ~ i !DI ~ j !#5H I ~ i !/P if i 5 j

0 otherwise,
~17!

whereP is the total number of photons detected at the fo
plane.

We define the solutionf̂ to the phase retrieval problem
as being the phase screen that minimizes an error m
composed of the measurements and prior information:

f̂5 f
min

$fTCf
1f1~ uF @A exp@ if##u22I !T

3CDI
21~ uF @A exp@ if##u22I !%. ~18!

This is the maximuma posteriori~MAP! estimate off. It
must be emphasized thatCf is singular, because it force
the sum of the phases to be zero. This means that the
eralized inverseCf

1 must be used in place of the inverse
If we now utilize the linear model and letf5f0

1Df, the quantity to be minimized is

fTCf
1f1~HDf2DI !TCDI

21~HDf2DI !. ~19!

Equation~19! can be expanded to

fTCf
1f1~Hf2Hf02DI !TCDI

21~Hf2Hf02DI !. ~20!

Assuming that the noiseDI is normally distributed, this
expression is minimized by

Df5~HTCDI
21H1Cf

1!21HTCDI
21~Hf01DI !2f0 . ~21!

4.1 Iterative Solution

As in Sec. 3.3, the phase corresponding to a noisy inten
measurement was computed by iterating the linear appr
mation. At each iterationCDI

21 is calculated fromÎ andH is
calculated using Eq.~13!. The algorithm is as follows:

Step 1: Initially f̂5f0 , Î5I0.

Step 2: CalculateH andCDI
21 .

Step 3: Let Df̂5(HTCDI
21H1Cf

1)21HTCDI
21(Hf̂1I

2 Î )2f̂

Step 4: LetDf̂max be equal to the element ofDf̂ with
the largest absolute value.

Step 5: Set the step sizet to t5min(g/Df̂max,1).

Step 6: Letf̂5f̂1tDf̂.
1390 Optical Engineering, Vol. 41 No. 6, June 2002
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Step 7: LetÎ5uF @A exp@if̂##u2.

Step 8: If f̂ has not converged, go to Step 2.

This algorithm does not have guaranteed convergenc
the minimum value of Eq.~18!. However, in practice the
algorithm converged monotonically to the solution, exce
when the aperture was subdivided andP<105, in which
case the algorithm sometimes oscillated between two s
tions.

4.2 Comparison with Phase Retrieval Algorithm

The performance of the linear iterative method was co
pared to another algorithm based on MAP estimation.
wan and Lane12 solved the phase retrieval problem usin
conjugate gradient minimization. The same prior inform
tion about the statistics of the phase was used, but the n
was explicitly set to be Poisson, leading to a different er
metric to that of Eq.~18!:

f̂5 f
maxH( ~ I• ln~ uF @A exp@ if##u2!2uF @A exp@ if##u2!

1fTCf
1fJ . ~22!

The error metric of Eq.~22! represents the natural loga
rithm of the likelihood of a phase screen. To compare
linear iterative algorithm to this phase retrieval algorith
random phase screens were simulated withD/r 051 and
P5108. The starting point was set by displacing the tr
phase by another random phase screen withD/r 050.1.
Note that the displacement is much greater than the e
expected by the photon noise alone. It was found that
linear iterative algorithm had a mean-squared error
(1.7060.03)31026, which is the same as was obtaine
starting from the true phase. By contrast, the conjugate
dient algorithm based on Poisson statistics returned a m
squared error of (1.861.0)31025. The difference can be
attributed to the different statistical model, which confirm
previous experience that Gaussian statistics are more ro
than Poisson statistics.21

5 Aperture Subdivision

5.1 Subdivided Aperture

The aperture can be subdivided, as if it were a Sha
Hartmann sensor, and each subdivision of the apertur
focused onto a different point on the focal plane. We co
sider the case of subdividing the aperture into a 232 array;
any further subdivision can be considered to be a repeti
of this process. Each of the four subapertur
A(x)exp@ifj(x)# is embedded in anN3N array of zeros
and Fourier transformed using anN3N point DFT to ob-
tain intensity vectorsI j for each of thej 5$1,2,3,4% subap-
ertures. We can calculate the correspondingN23N2/4 ma-
tricesH j to obtain
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van Dam and Lane: Theoretical performance . . .
F DI1

DI2

DI3

DI4

G5FH1 0 0 0

0 H2 0 0

0 0 H3 0

0 0 0 H4

GF Df1

Df2

Df3

Df4

G . ~23!

Note that the ordering of the phase coordinates in thef
vector has changed to reflect the geometry of the probl
The columns of each subaperture are stacked separa
one subaperture at a time. We cannot solve forDf j directly
through the generalized inverse of the matrix in Eq.~23!,
because the system of equations is underdetermined.
occurs because there is no way to determine the rela
mean phases between the subapertures from the inte
measurements obtained. Consequently, prior informa
must be used to obtain a solution in this case. The ph
covariance matrix for the full apertureCf imposes a
smoothness constraint on the phase at the boundary o
subdivision that overcomes this difficulty. Inserting theCf
matrix is equivalent to adding an equation for every fr
variable. The equation is obtained by assuming that
elements off are normally distributed with zero mean an
with a covariance given byCf . This guarantees a solutio
to the problem. If we label the three quantities in Eq.~23!
DI , H, andDf, respectively, the solution forDf is again
given by Eq.~21!.

5.2 Full and Subdivided Aperture Data

The feasibility of using both full and subdivided apertu
imaging to do phase retrieval has been experimentally c
firmed by Roggemann, Schulz, and Ngai,5 Takahashi and
Takajo6 also found that its convergence was much quic
than using only the image from the full aperture in t
absence of noise.

We implemented it by combining the matrices fro
Secs. 4 and 5.1 to obtain the following system of equatio

F DI

DI1

DI2

DI3

DI4

G5F H

H1 0 0 0

0 H2 0 0

0 0 H3 0

0 0 0 H4

G F Df1

Df2

Df3

Df4

G . ~24!

Again, we rename the three expressions in Eq.~24! DI , H,
andDf and solve using Eq.~21!.

We first consider the case where the photons are ev
distributed between the full and subdivided apertures.
cause there are only half as many photons at each dete
the signal-to-noise ratio of each measurement decrease
a factor of two. We then show by simulation that the reco
struction does not depend strongly on the exact partition
of the photons between the full and subdivided apertur

5.3 Loss of Information in Subdivision

When the aperture is subdivided into a 232 array, the four
intensity measurements give no indication about the r
tive piston of each subaperture. The relative pistons can
estimated using prior knowledge of the phase covarian
since the phases in the different subapertures are sta
.
y,

is

ty

e

e

-

:

y

r,
y

,
i-

cally correlated. However, this correlation is not determ
istic, so there is an unavoidable error in the piston estim
tion for a finite number of pixels.

Let f0 be the initial phase screen. In the absence
noise, the MAP estimate from subdivided aperture data

f̂5 c
min

$~f02Lc!TCf
1~f02Lc!%. ~25!

Here,c5@c1 ,c2 ,c3 ,c4#T is the piston added to each su
aperture andL is theN234 matrix that relates the phase
each pixel to the corresponding piston termc j :

L5F 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
G . ~26!

Equation~25! states that the estimator predicts the pha
screen obtained by adding piston terms to the subapertu
so that the overall phase best matches the Kolmogorov
tistics. The difference between this estimate and the or
nal phase screen is the error that results from aperture
division. The solution to Eq.~25! is22

c5~LTCf
1L !1LTCf

1f05Bf0 , ~27!

where B is a 43N2 matrix. Random phase screens wi
Kolmogorov statistics can be obtained directly from t
covariance matrix.23 We find the eigenvaluesl i and the
corresponding eigenvectorsui of Cf . Let

U5@u1 ,u2 , . . . ,uN2#, ~28!

and

l5@l1 ,l2 , . . . ,lN2#T. ~29!

A random vectorx is generated, where each element is
independent zero-mean Gaussian random variable with
variance given by the corresponding element inl. The
phase screen is given by

f05Ux. ~30!

Hence,

c5BUx, ~31!

and

E@ ucu2#5E@ uBUxu2#5E@ uBUu2#E@ uxu2#5uBUu2l. ~32!

Here, u•u2 indicates element-by-element squaring rath
than matrix multiplication. Equation~32! holds because the
elements inx are statistically independent. Note that th
covariance matrix is proportional to (D/r 0)5/3, so the
squared error is also proportional to (D/r 0)5/3, whereD is
the length of the aperture andr 0 is the Fried parameter.
1391Optical Engineering, Vol. 41 No. 6, June 2002
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van Dam and Lane: Theoretical performance . . .
Consider anN3N square aperture that is imaged onto
2N32N pixel detector. We then subdivide the aperture in
a 232 array and image each subaperture onto anN3N
pixel detector. Table 1 shows the mean-squared error in
duced by the subdivision process, found by evaluating
~32! for D/r 051. We repeat this process for a 434 and
838 subdivision. Other values ofD/r 0 can be found by
multiplying by (D/r 0)5/3. It can be seen from Table 1 tha
the error in the wavefront estimate associated with sub
viding the aperture decreases as the number of dete
pixels increases. The reason for this is that the smaller
spacing between adjacent pixels in neighboring apertu
the greater the phase correlation between them and
easier it is to match the phase at the boundary. Better
formance can thus be obtained by estimating the phas
more pixels in the aperture. Intuitively, we expect the eff
of subdividing an aperture directly into a 434 array to
produce a similar error to subdividing it into a 232 array,
and then further subdividing each of the four subapertu
into a 232 array. This repeated subdivision results in
mean-squared error of 0.0011191(1/2)5/330.006671
50.003220, which is comparable to 0.003369 obtained
directly subdividing into a 434 array.

If the apertures are matched using the covariance of
phase at the center of each pixel instead of the mean
error associated with the subdivision more than doub
~Table 2!. This indicates that it is advantageous to estim
the average phase over the pixel rather than its phase a
center.

6 Cramér-Rao Lower Bound

The Crame´r-Rao lower bound~CRLB! is the most com-
monly used lower bound for estimation problems.24,25 It
predicts the minimum variance of any unbiased estimat
one or more parameters, given the statistics of the meas
ment noise. For nonlinear estimation problems, the CR
is not the tightest lower bound and it can only be a
proached in practice at high signal-to-noise ratios. Re
ences for the CRLB are van Trees26 and Kay.27

For the problem at hand of estimatingN2 phase param-
eters,f0 , from 4N2 noisy intensity measurements,I , the
CRLB states that

Table 1 Mean-squared error due to aperture subdivision using the
mean phase of the pixel.

N 4 8 16 32

MSE (rad2) 232 0.04289 0.006671 0.001119 0.0001850

MSE (rad2) 434 0.01940 0.003369 0.0005728

MSE (rad2) 838 0.007438 0.001383

Table 2 Mean-squared error due to aperture subdivision using the
phase at the center of the pixel.

N 4 8 16 32

MSE (rad2) 232 0.1359 0.01783 0.002646 0.0004266
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Var@f̂k#>@J21#kk , ~33!

where J is the Fisher matrix. The elements of the Fish
matrix Jkl consist of

Jkl5 È`]2 ln f ~ I uf0!

]fk]f l
f ~ I uf0!dI52EF]2 ln f ~ I uf0!

]fk]f l
G , ~34!

where E@•# represents the expectation operator. For m
surements with additive Gaussian noise of variancesDI

2 ,
the probability density functionf (I uf0) is

f ~ I uf0!5)
1

sDIA2p
expF2~ I2I0!2

2sDI
2 G , ~35!

whereI0 is the intensity corresponding tof0 . Hence,

ln f ~ I uf0!5( S 2~ I2I0!2

2sDI
2

1
1

sDIA2p
D , ~36!

and

Jkl5EF2
]

]f l

] ln f ~ I uf0!

]I0

]I0

]fk
G

5EF2
]

]f l

(~ I2I0!

sDI
2

]I0

]fk
G

5F ]I0

]f l
GT

CDI
21F ]I0

]fk
G . ~37!

Note that the expectation operator is no longer needed
there is no dependency on the measured intensityI . By
making use of the relationship]I05H]f, this leads to

J5HTCDI
21H. ~38!

The CRLB for the sum of the phase errors in estimatingf0
is

Var@f̂0#>Trace@~HTCDI
21H !1#, ~39!

where the trace of a matrix is the sum of the leading di
onal entries. The error in estimatingf0 depends onH,
which is itself a function off0 .28

7 Simulations

There is a limit imposed as to how well we can estimate
phase screen in the presence of noise. This limitation
quantified by using the LIA to estimate how much the s
lution to Eq.~18! varies from the true phase screenf0 .

Due to the high computational load of the LIA, th
analysis was limited to 16316 square phase screens insi
a 32332 array of zeros. To limit the amount of aliasing, w
restricted the turbulence to a maximum ofD/r 054. Ran-
dom phase screens were generated using the method
lined in Sec. 5.3. The intensity distribution,I0 , correspond-
ing to the phase screen was computed using Eq.~6!.
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Table 3 Mean-squared error for a single phase screen with uncorrelated image-independent additive
Gaussian noise.

SDI 10210 1029 1028 1027 1026 1025

CRLB (rad2) 2.53431026 2.53431025 2.53431024 2.53431023 2.53431022 2.53431021

LIA (rad2) 2.5831026 2.6131025 2.3231024 1.1531023 0.37131022 0.10031021

1s error (rad2) 0.0431026 0.0531025 0.0531024 0.0231023 0.00431022 0.00131021
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7.1 Comparison with the Cramér-Rao Lower Bound

We compared the phase error for the uncorrelated, ima
independent, additive Gaussian noise case using the C
and LIA. A single 16316 phase screen with Kolmogoro
statistics andD/r 051 was generated, but here we did n
use prior information about the phase. The resulting im
was 32332. Hence the covariance of the noise is a 32

3322 matrix with entries ofsDI
2 along the leading diago

nal. In this case,sDI
2 is equal toSDI /322, whereSDI is the

total noise power and varied between 10210 and 1025. The
results displayed in Table 3 show that the CRLB fa
within the 2s uncertainty bounds of the LIA at low noise

It was observed in the reconstructions that E@f̂#Þf0 , im-
plying that the estimates produced by the LIA are bias
and this bias was statistically significant. As the noise le
increases, the bias in the phase estimate using the LIA
increases. The bias occurs because there is an implicit
straint enforced in the LIA, namely that the intensity has
be positive. In addition, when the noise exceeds the sig
at a given pixel, the approximation made in Eq.~12! no
longer holds and the linear model relating the change
phase to the change in intensity is inadequate. This res
in a lower error but introduces bias, and also the conv
gence of the LIA becomes very slow. The CRLB, on t
other hand, is based on an unconstrained estimate of
using theH matrix at f0 . Since the intensity estimate i
constrained to be positive by Eq.~6!, for appreciable values
of noiseH changes significantly during the iterations. Co
sequently, the CRLB is only applicable at low noise leve

To see what happens when the turbulence is more
vere, we multiplied each phase value on the phase sc
by (D/r 0)5/6. For D/r 054, the CRLB mean-squared erro
was 0.02731 atSDI51025, a value nearly ten times lowe
than forD/r 051. This occurs because the observed int
sity I is spread over a larger number of pixels, there
improving the conditioning of the inversion and lowerin
the theoretically achievable mean-squared error.

The CRLB can also be computed for image-depend
noise. Poisson noise was approximated by an indepen
-

o
-

l

s

-
n

t
t

Gaussian random variable, with the variance set equa
the expected value of the signal. The noise covarianc
that given by Eq.~17!, whereP is set toSDI

21 . SDI was
varied between 1028 and 1024. From Table 4, we see onc
again that the CRLB is attained at low noise levels, but
LIA returns values lower than the CRLB when the noise
large. Again forD/r 054, the CRLB mean-squared erro
was 1.59831023 at SDI51025, about 25% lower than for
D/r 051. This indicates that phase retrieval is inheren
better posed when the turbulence is high, independen
the noise model.

7.2 Full Aperture

The noise-free intensity distribution was formed using t
full aperture. Poisson noise was then added and the n
intensity distribution was renormalized to giveI . In all the
remaining simulations, prior information about the statist
of the phase and of the noise were used in the reconst
tions. We also use actual Poisson noise rather than
Gaussian approximation, with the number of photons va
ing between 103 and 1010. As the noise level increases, s
does the number of iterations needed to recover the ph

The log mean-squared error of the phase is plot
against the log of the number of photons in Fig. 1. All t
graphs have 1s error bars.

At high photon counts, there is a linear relationship b
tween the logarithms of the squared error and the num
of photons whenP.107. Note that the gradient of the
curve at high photon levels is21.00, so the relationship is
E@(Df)2#}P21. Although it is difficult to see from the
graph, the error forD/r 054 is about 5% lower than for
D/r 054 whenP>106, again reflecting the improved con
ditioning of the phase retrieval problem at high turbulen
levels. This is expected, as the information about the ph
is spread over many intensity pixels. When the pho
noise is high, the prior becomes significant and reduces
error, especially for low turbulence levels, where the pr
is strongest. In the limiting case when there are no photo
the best phase estimate is zero, and the error is simply
Table 4 Mean-squared error for a single phase screen with uncorrelated image-dependent additive
Gaussian noise.

SDI 1028 1027 1026 1025 1024

CRLB (rad2) 2.09931026 2.09931025 2.09931024 2.09931023 2.09931022

LIA (rad2) 2.1531026 2.1531025 2.2031024 1.8231023 1.0131022

1s error (rad2) 0.0331026 0.0331025 0.0431024 0.0531023 0.0231022
1393Optical Engineering, Vol. 41 No. 6, June 2002
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van Dam and Lane: Theoretical performance . . .
mean-squared wavefront. This is obtained by averaging
diagonal elements of the phase covariance matrix, and f
16316 phase screen, takes a value of 1.30(D/r 0)5/3rad2.

7.3 Subdivided Aperture

The error obtained in phase retrieval by subdividing t
aperture into a system of 232 subapertures is plotted in
Fig. 2. The error due to the subdivision dominates forP
>106. The results at high photon counts agree well with t
theory in Sec. 5.3, which predicts that the error due sol
to the relative pistons of the subapertures
0.001119(D/r 0)5/3. In all cases, the error is larger than fo
the full aperture.

Fig. 1 Log mean-squared error for a full aperture. The graphs cor-
respond to D/r0 ratios of 4 (top) and 1 (bottom).

Fig. 2 Log mean-squared error for a 232 subdivided aperture and
16316 pixels. The graphs correspond to D/r0 ratios of 4 (top) and 1
(bottom). The dashed lines indicate the error due to subdivision
alone (Table 1).
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7.4 Full and Subdivided Aperture

The question arises as to whether there is any advantag
a hybrid system based on full and subdivided aperture d
The photons were initially split evenly between the tw
detectors, with the results being visually indistinguishib
from Fig. 1. The results obtained are only a small improv
ment to the case where just a single aperture is used w
reduction in the error of up to 12% at high photon coun
However, forD/r 051 andP5103, the hybrid system with
the 50:50 photon split had a higher error than having all
photons on the single aperture. The mean-squared error
again lower forD/r 054 than forD/r 051 whenP>106.

The proportion of photons at each detector was var
for D/r 054 andP5106, and the results are plotted in Fig
3. It can be seen that the error is smallest when the pho
are evenly shared between the two detectors, but the m
mum is broad. However, when the number of photons
smaller, there is no gain to be made by taking the t
images in the theoretical performance limit. It may, ho
ever, help avoid the phase reconstructor being trapped
local minimum when the algorithm is started far from th
solution.

8 Conclusion

A method to solve the phase retrieval problem using lin
iterations near the solution has been developed. T
method quantifies the asymptotic error in phase retrie
due to both the presence of noise and the effect of aper
subdivision.

It was found that prior information about the phase a
noise improves the conditioning of the problem. Wh
phase retrieval is performed on data from subdivided ap
tures, there is a loss of information about the relative pis
terms of the subapertures, and this error has been qu
fied. There is a smaller wavefront error when estimating
phase from a full aperture than from a subdivided apertu
Using a combination of both sets of intensity measureme
improves the performance when the number of photon
very high, but for moderate photon levels the limiting pe

Fig. 3 Mean-squared error versus proportion of photons in single
aperture for D/r054 and P5106.
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van Dam and Lane: Theoretical performance . . .
formance is better for a single image using the unsub
vided aperture. In the absence of prior information,
phase retrieval problem is more well posed when the
bulence is strong. The effect is less significant in the pr
ence of prior information, since the prior is stronger f
weak turbulence.
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