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Measuring the centroid gain of a Shack–Hartmann
quad-cell wavefront sensor by using slope

discrepancy
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Shack–Hartmann wavefront sensors (SH WFS) are used by many adaptive optics (AO) systems to measure the
wavefront. In this WFS, the centroid of the spots is proportional to the wavefront slope. If the detectors consist
of 2�2 quad cells, as is the case in most astronomical AO systems, then the centroid measurement is propor-
tional to the centroid gain. This quantity varies with the strength of the atmospheric turbulence and the an-
gular extent of the beacon. The benefits of knowing the centroid gain and current techniques to measure it are
discussed. A new method is presented, which takes advantage of the fact that, in a SH-WFS-based AO system,
there are usually more measurements than actuators. Centroids in the null space of the wavefront reconstruc-
tor, called slope discrepancy measurements, contain information about the centroid gain. Tests using the W. M.
Keck Observatory AO system demonstrate the accuracy of the algorithm. © 2005 Optical Society of America
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. INTRODUCTION
daptive optics (AO) systems have been implemented at
any astronomical observatories, with spectacular

esults.1 A key component in an AO system is the wave-
ront sensor (WFS). Most WFSs measure wavefront de-
ivatives, from which the wavefront can be reconstructed
nd compensated in real time. The most widely used WFS
s the Shack–Hartmann (SH) WFS, which subdivides the
upil by using a lenslet array and focuses the light on
ach subaperture onto the focal plane.1,2 The displace-
ent of the spots imaged at the focal plane of the detector

s proportional to the wavefront slope.
If the displacement of the spot is measured by taking

he centroid by using a large number of pixels, then the
agnitude of the centroid estimate is independent of the

pot size. The wavefront slope can also be estimated by
sing an array of only 2�2 pixels per subaperture,
nown as a quad cell. Quad cells produce centroid esti-
ates that are, to a good approximation, linear with the

isplacement of a Gaussian spot for centroids with an ab-
olute value of less than 0.5. The advantage of using quad
ells lies in the speed of readout and computation and a
eduction in noise, since fewer pixels are read. For these
easons, most astronomical AO systems employ quad
ells: Among these are AO systems at the Lick, Palomar,3

emini North, and Keck observatories.4 The principal
isadvantage of using quad cells lies in the fact that the
entroid measurement is proportional to the centroid
ain.5 The centroid gain is the relationship between the
uad-cell centroid and the displacement of the spot (or, al-
ernatively, the wavefront slope), a quantity that is in-
ersely proportional to the spot size. Since the spot size is
ot known a priori and depends on the strength of the at-
ospheric turbulence and the angular extent of the bea-

on used by the WFS, the centroid gain is not known ei-
her. A technique is presented in this paper to track
1084-7529/05/081509-6/$15.00 © 2
ariations in the centroid gain caused by changes in ei-
her the seeing or the extent of the beacon. It relies on the
act that there are components of the WFS measurements
hat are not affected by the AO system because the wave-
ront reconstructor is blind to them. These components
ield a signal proportional to the centroid gain. A time-
volving estimate of the centroid gain is obtained by mea-
uring the component of the centroids that the recon-
tructor cannot see.

In practice, the lack of knowledge of the centroid gain is
itigated by the fact that all existing AO systems operate

n closed loop, so the spots are iteratively driven toward
he center of the quad cells. Two problems associated with
he uncertainty in the spot size remain; these issues are
iscussed in much greater detail in the work of Véran and
erriot.5

First, the gain of the feedback loop is proportional to
he centroid gain. Knowledge of the loop gain is necessary
o estimate and reduce the bandwidth and noise errors of
he AO system,4,5 which are the two dominant error terms
hen the beacon is faint. An AO system with a SH WFS
ses a wavefront reconstructor matrix to convert slope
easurements into actuator voltages in the deformable
irror (DM). The reconstructor is typically computed via
singular-value decomposition or least-squares inversion

f the influence matrix. The influence matrix is calculated
y placing an unresolved calibration light source at the fo-
us of the telescope, poking the actuators one by one, and
easuring the centroids. However, the centroid gain will

e different when the wavefront sensing is performed by
sing an object on the sky instead of the calibration
ource as the beacon. Assuming that the spots are all the
ame size, the influence matrix, and hence the reconstruc-
or matrix and the overall loop gain, will be off by a con-
tant gain factor.

Second, a change in the centroid gain introduces static
005 Optical Society of America
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berrations. To mitigate the effect of non-common-path
berrations, the shape that produces the best image on
he science camera is placed on the DM during the cali-
ration process. The centroids that are measured on the
FS are subsequently used as references.4 Alternatively,

he image is sharpenened in closed loop by modifying the
eference centroids until the best image is attained.3 In
ither case, the magnitude of the reference centroids de-
ends on the centroid gain. In closed-loop operation, the
O system attempts to null the difference between the
easured centroids and the reference centroid. If the cen-

roid gain changes, the calibrated reference centroids are
rong by a constant factor, and the AO system will drive

he spots to the wrong position, thereby introducing a
tatic aberration.

The remainder of the paper is organized as follows. Sec-
ion 2 describes methods currently used to measure the
entroid gain. This is followed by an introduction to the
oncept of slope discrepancy in Section 3 and how it can
e used to measure the centroid gain in Section 4. Experi-
ental results obtained at the Keck Observatory follow in
ection 5, and conclusions are drawn in Section 6.

. EXISTING METHODS FOR MEASURING
HE CENTROID GAIN

n this section, we present and discuss existing methods
hat measure the centroid gain. In principle, it is also pos-
ible to infer the centroid gain by making seeing measure-
ents and using knowledge of the angular extent of the

eacon.
As mentioned in Section 1, an aberration is placed on

he DM during calibration to compensate for non-
ommon-path aberrations. Véran and Herriot proposed
onitoring the shape of the DM as a way to measure the

pot size on Altair, the AO system at Gemini North.5,6 If
he centroid gain decreases but the reference centroids re-
ain unchanged, the AO system will introduce a larger

mount of this aberration than is needed to compensate
or the non-common-path aberrations. Monitoring the av-
rage shape of the DM over time scales of a few seconds
uring nighttime operations and correlating it with the
alibration shape yields a signal directly related to the
entroid gain. Most of the power of the non-common-path
berrations is contained in the first few Zernike modes.
nfortunately, most of the power of the telescope primary
irror’s aberrations also tends to be low order, and fluc-

uations in the shape of the primary mirror corrupt the
entroid gain measurement.7

The following technique was also implemented on
ltair.7 The tip–tilt mirror is dithered with an amplitude
f 5 milliarcsec and an oscillation frequency equal to a
uarter of the frame rate of the AO system. A lock-in de-
ection algorithm is used to extract an estimate of the tip–
ilt dithering amplitude in centroid units, and hence of
he centroid gain, with a bandwidth of about 10 s. Al-
hough this method estimates the centroid gain success-
ully, it introduces a wavefront error of about 50 nm rms.
ecause the tip–tilt mirror has significant oscillations at
igh frequencies, the method was modified to dither the
M instead by adding focus and measuring the focus on

he WFS.
A low-bandwidth wavefront sensor (LBWFS) has been
mplemented at the Keck Observatory to support the
aser-guide-star AO program.8 With some modifications, it
ould also be used in natural guide star mode. There is a
eam splitter located before the WFS that directs a small
raction of the light to the LBWFS. The LBWFS has the
ame number of subapertures as the WFS but a much
arger number of pixels �16�16� per subaperture and

uch longer exposure times. The LBWFS detects slowly
arying residual aberrations, and its centroid measure-
ents can be used to change the reference centroids. By

nspecting how the reference centroids change, one can
lso deduce the spot size on the WFS. For example, a dou-
ling of the spot size will result in the reference centroids
aving half the magnitude relative to their calibration
alue.

The advantage of using a LBWFS is that the centroid
ain can be estimated on a subaperture-by-subaperture
asis. The disadvantages of this technique are the addi-
ional hardware and software required and the need to di-
ert light away from the WFS.

. SLOPE DISCREPANCY
n this section, a short tutorial on the concept of slope dis-
repancy is presented. The reader is referred to an excel-
ent paper by Tyler for a more in-depth study of the topic.9

For the SH WFS, the relationship between the mea-
ured slope, s= �sx ,sy�T, and the wavefront, w, is

s = � w, �1�

here �w= �wxx̂ ,wyŷ� is the gradient operator acting on
. Equation (1) can be written as a matrix multiplication:

s = Hw. �2�

he influence matrix, H, can be obtained from geometric
onsiderations or from poking the actuators of the DM
ne at a time and recording the centroids. The least-
quares estimate of w ,ŵ, is given by

ŵ = �HTH�+HTs, �3�

here the symbol + denotes the pseudoinverse and R
�HTH�+HT is the least-squares reconstructor. The
seudoinverse is required because the WFS is blind to the
iston mode and, in the case of the Fried geometry,10

here the actuators are optically conjugate to the corners
f the lenslets, to the waffle mode. The waffle mode is
hen adjacent actuators are alternatively up or down in a

heckerboard pattern.
The column space of a matrix is the subspace spanned

y its columns. The component of the slopes in the column
pace of R is9

s� = Hŵ, �4�

here the subscript � represents the column space of the
econstructor. The null space of R consists of all vectors s
uch that Rs=0.11 Here, we use the symbol � to denote
he null space of R. The slope discrepancy, s�, is the dif-
erence between the measured slopes and the slopes ob-
ained by differentiating the reconstructed wavefront:
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s� = s − s� = �I − H�HTH�+HT�s. �5�

eometrically, the slope discrepancy can be interpreted as
curl in the slope vector field.9

In the remainder of the paper, without loss of general-
ty we consider the case of the Keck AO system: a SH

FS with 240 subapertures in the Fried geometry, mak-
ng 480 measurements to drive 349 actuators. In general,
econstructors that perform better in the presence of
oise than the least-squares reconstructor are employed
o Eq. (5) cannot be used. At the Keck Observatory, R is a
49�480 matrix created by using a regularized least-
quares inversion of H that takes into account the statis-
ics of the turbulence and of the noise.4,12 Depending on
he angle of the telescope pupil on the WFS, about 50 of
he actuators are slaved, leaving about 480− �349−50�
181 linearly independent rows.
R can be written as a singular-value decomposition:

R = USVT, �6�

here U is a 349�349 matrix, S is a 349�480 diagonal
atrix with the 349 singular values as its diagonal en-

ries, and V is a 480�480 matrix. The columns of V, cor-
esponding to the (approximately 181) zero-valued singu-
ar values of S, constitute an orthonormal basis, Z, for the
ull space of R. We rewrite the slope discrepancy for the
eneral case of an arbitrary reconstructor as

s� = ZZTs. �7�

. MEASURING THE CENTROID GAIN BY
SING SLOPE DISCREPANCY

n this section, the process for estimating the centroid
ain by using slope discrepancy is described. Let us define
he centroid measurement made by using an unresolved
ource, s, to be given by the difference between the raw
entroids on the same source, r, and the reference cen-
roids, c:

s = r − c. �8�

he slope discrepancy component in the reference cen-
roids on the calibration source, c�, is c�=ZZTc, with a
imilar definition for r�.

The reference centroids are composed of aberrations in-
roduced by the lenslet array, the imaging leg, and the
eam splitter that splits the light to the two legs. Lenslet
rrays are not perfect: Even in the absence of any exter-
al aberration, the spots on the CCD are not centered di-
ectly below the center of each lenslet but have random x
nd y displacements, leading to x and y centroids. A large
raction of the power of these centroids (in this case, about
81/480=38%) lies in the null space of the reconstructor
atrix.
The centroid measurement made with a star as the

eacon, s*, is the difference between the raw centroids on
he star, r*, and the reference centroids for the star, c*:

s* = r* − c*. �9�

et us define the relative centroid gain, �, to be the cen-
roid gain on the star divided by the centroid gain on the
alibration source, where � lies between 0 and 1. Then the
aw centroid measured on the star is r*=�r. To compen-
ate for the difference between r and r*, one should scale
he reference centroids by a factor, �, as close to � as pos-
ible. Equation (9) can be written as

s* = �r − �c, �10�

here c*=�c. The value of s* is equal to s only if �=�.
he method presented in this paper estimates the value
f �−�.

It follows that

s�
* = �r� − �c�. �11�

ince neither turbulence nor measurement noise leads to
n overall slope discrepancy component,

E�r�� = c�, �12�

here E�·� is the expected value operator. Let us define a
lope discrepancy metric, g, consisting of the least-
quares linear fit of s�

* to c�:

g =
s�

*Tc�

c�
Tc�

. �13�

sing Eqs. (11) and (12),

E�g� =
E���r� − �c���Tc�

c�
Tc�

=
��E�r�� − �c��Tc�

c�
Tc�

=
�� − ��c�

Tc�

c�
Tc�

= � − �. �14�

quation (14) is the key result of the paper: The expected
alue of the slope discrepancy metric is equal to the dif-
erence between the true relative scaling of the centroids
ue to the changing spot size and the scaling of the refer-
nce centroids to compensate for this change. To calculate
he metric, successive measurements of the centroids, s*,
re taken on the sky and averaged. The slope discrepancy
omponent of the average is then least-squares fitted to
he slope discrepancy component of the reference cen-
roids, according to Eq. (13). If the reference centroid scal-
ng is correct, i.e., if �=�, then g=0.

The method presented here relies on the fact that some
f the power in the reference centroids is contained in the
ull space of the reconstructor. If this is not the case, e.g.,

f the lenslet array is of extremely high quality, slope dis-
repancy could be induced by rotating the lenslet array
hrough a very small angle (a fraction of a degree) with
espect to the CCD. Almost all the power thus induced in
he centroids lies in the null space of the reconstructor.
he degradation in the performance of the AO system re-
ulting from introducing such a small rotation is negli-
ible. There are two reasons why an aberration smaller
han those for other methods is needed. First, the atmo-
phere produces no power in the null space of the recon-
tructor, so the measurements are not corrupted. Second,
very measurement gives an estimate of the change in the
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esponse of the WFS, compared with dithering methods,
here the measured signal needs to be correlated with

he introduced signal. Furthermore, rotating the lenslet
erely adds an aberration to which the reconstructor is

lind.

. EXPERIMENTAL RESULTS
. Results with the Calibration Light Source
o verify the validity of the slope discrepancy approach
nder controlled conditions, it was implemented by using
he calibration light source with no external turbulence.
irst, the DM was flattened by using an interferometer.
entroids were measured on the WFS in open loop and
ere defined to be the reference centroids. Then the tip–

ilt and DM loops were closed, and a set of 1000 consecu-
ive frames of centroid data was captured and averaged.
his process was repeated with the reference centroids
caled by factors varying from zero to 2. The metric of Eq.
13) was calculated, and its average is displayed in Fig. 1,
long with the results expected from theory. It can be seen
hat the slope of the curve is −1 and that the metric takes
value of 0 when the reference centroids are scaled cor-

ectly, as expected from Eq. (14).

. Results on the Sky
he experiment of Subsection 5.A was then repeated on
he sky and compared with two other independent meth-
ds for measuring the spot size on the two Keck tele-
copes.

. Comparison with Image Displacement
he slope discrepancy metric as a function of reference
entroid scaling on Keck II is displayed in Fig. 2. The
east-squares fit has a slope of −1.04 and an x intercept of
.76, indicating that the centroid gain is 0.76. A better es-
imate of the centroid gain can be obtained by simply av-
raging the sum of the slope discrepancy metric and the
eference centroid scaling. This is equivalent to forcing
he gradient to be equal to −1 and gives a centroid gain of
.74.
To validate these results, another method was used to

ompute the centroid gain. Here, the loops are closed on
he calibration source, and an image is taken on the sci-

ig. 1. Slope discrepancy metric, g, measured with the calibra-
ion light source as a function of reference centroid scaling, �.
nce camera. Then all the x or y reference centroids are
ffset by small constant amounts, ranging between −0.2
nd 0.2, and the displacements of the light source in the
cience image are measured. This procedure is then re-
eated by using a guide star on the sky. Since the dis-
lacement of the image is inversely proportional to the
entroid gain, the ratio of the centroid gain with the cali-
ration light source to the centroid gain on the sky can be
alculated. This technique requires dedicated telescope
ime and is not suitable for use during a science observa-
ion. However, it is very accurate, and for this reason it is
sed for comparison with the slope discrepancy method.
Figure 3 plots the results with a star and with the cali-

ration light source. The ratio of the gradient of these two
urves is 0.82 for x (plotted) and 0.79 for y. The data
aken for calculating the centroid gain by using these two
ethods were interleaved to eliminate the possibility of

he seeing changing from one test to the next.

. Comparison with Chopping
he slope discrepancy metric as a function of reference
entroid scaling on Keck I on a different night is displayed
n Fig. 4. The least-squares fit has a slope of −1.01 and an

intercept of 0.71, indicating that the centroid gain is
.71.

ig. 2. Slope discrepancy metric, g, measured with a star as a
unction of reference centroid scaling, �, on Keck II.

ig. 3. Plot of the mean x-centroid value as a function of dis-
lacement of the star (asterisks) and calibration light source
circles).
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A few minutes later, the centroid gain was measured in
n independent way by chopping the tip–tilt mirror. The
rocedure is as follows. Both the tip–tilt and DM loops are
losed. Then the reference centroids are offset by using a
quare wave with a frequency of 4 Hz and a magnitude
hat corresponds to a peak displacement of the mirror of
.1 arcsec when the calibration source is used. The actual
osition of the mirror is monitored by using a strain
auge; this is equivalent to measuring the displacement
f the spot. On the sky, the amplitude of the chop was de-
ermined to be 0.147±0.007 arcsec, which implies that
he centroid gain is 0.1/0.147=0.68±0.03. Since the atmo-
phere also causes the tip–tilt mirror to be displaced, this
ethod is not as reliable as that of Subsection 5.B.1.

. Discussion
esults on the sky show that the slope discrepancy
ethod produces accurate estimates of the centroid gain.
ince the measurement is made by averaging over a large
umber of centroid vectors, the noise can be kept low,
ven when the guide star is very faint.

There is a slight inconsistency in the results with the
mage displacement method, and future work will concen-
rate on gathering more data and improving the reliabil-
ty of the slope discrepancy estimates. The discrepancy is
ikely to consist of systematic errors due to partially illu-

inated subapertures, which have larger spots and are
ot as well controlled as fully illuminated subapertures.
his adds some uncertainty to the measurements, espe-
ially in low-order AO systems, where a large proportion
f the subapertures are only partially illuminated.

The accuracy of the slope discrepancy method should
ot be affected by the presence of turbulence. Atmo-
pheric turbulence lies mostly in the column space of the
econstructor, since the job of the reconstructor is to reject
urbulence, and any component in the null space is aver-
ged over time. A possible source of systematic error could
e high-spatial-frequency wavefront aberrations aliased
nto lower-frequency aberrations. These aberrations
ould stem from either atmospheric turbulence13 or dis-
ontinuities in a segmented primary mirror.14 However,
he inner product of these centroids with the slope dis-
repancy in the reference centroids is likely to be small.

ig. 4. Slope discrepancy metric, g, measured with a star as a
unction of reference centroid scaling, �, on Keck I.
Another possible source of error in the slope discrep-
ncy metric is due to centroid errors that do not stem
rom optical effects. An example of this is the uncompen-
ated flat field of the CCD.

. CONCLUSION
t is very important to be able to estimate the centroid
ain when using a SH WFS with quad cells. Several tech-
iques have been proposed to measure the centroid gain,
ut they all require active modifications to the AO system
hat result in an increase in wavefront error. In this pa-
er, a new technique is proposed that takes advantage of
he fact that the AO system does not respond to centroids
n the null space of the reconstructor. The linear fit of the
entroids in the null space to the reference centroids in
he null space gives a metric that is directly related to the
entroid gain. Sky tests using the Keck Observatory
daptive optics systems have demonstrated the potential
f this method.
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