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Wave-front slope estimation
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The conventional way of measuring the average slope of the phase of a wave front is from the centroid of the
image formed at the focal plane. We show the limitations of using the centroid and present an optimal esti-
mator along with the derivation of its lower error bound for a diffraction-limited image. The method is ex-
tended to slope estimation in the case of a random aberration introduced by atmospheric turbulence. It was
found that the variance of the error of the slope estimator can be improved significantly at low turbulence
levels by using the minimum mean-square-error estimator instead of the centroid. © 2000 Optical Society of
America [S0740-3232(00)00407-5]
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1. INTRODUCTION
An important problem in optics is to determine the least-
mean-square (LMS) slope of the phase of an incoming
wave front. The slope is conventionally estimated by us-
ing a centroid estimator that takes the center of gravity of
the photons at the image plane. We show that this esti-
mator is optimal for a Gaussian-distributed speckle im-
age. However, for any finite-size aperture with
diffraction-limited optics on an infinite plane, the vari-
ance of the centroid estimator is infinite.1 In practice,
the detection plane of all real sensors is a finite region, re-
ferred to in this paper as the truncated plane. Detection
on this truncated plane has three effects. First, it causes
the variance of the centroid estimator to become finite, as
clearly the centroid estimate cannot lie outside the trun-
cated plane. Second, it introduces a bias toward the cen-
ter of the plane. Third, it results in the loss of informa-
tion, as some photons are not detected.

A better estimator is the maximum-likelihood (ML) es-
timator, defined in Eq. (8). The Cramér–Rao bound is a
lower bound on the variance of an unbiased estimator. It
is shown that for estimates from a sufficient number of
photons, the ML estimators for circular and rectangular
apertures approach this bound. The estimate can be im-
proved further by adding prior information about the dis-
tribution of the wave-front slopes. Conventionally, this
is done by assuming a probability distribution for the
slopes, but we also demonstrate that truncating the im-
age plane is equivalent to adding prior information.

The ML estimator is then used to estimate the tip/tilt
terms of a speckle image from a simulated phase screen
with Kolmogorov statistics. This is useful in the Shack–
Hartmann sensor, which divides the aperture into a two-
dimensional array of lenslets. The average slope of the
phase in the lenslets can then be used to reconstruct a
more detailed estimate of the phase distortion, by either
local or modal reconstruction.2 The performance of this
sensor is thus strongly dependent on the estimate of the
slope in the individual apertures.
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2. SLOPE ESTIMATION FROM SPECKLE
IMAGES
Light from distant sources, such as astronomical objects,
can be considered to consist of planar wave fronts with
uniform amplitude before they enter the earth’s atmo-
sphere. The turbulence of the atmosphere causes a
variation in refractive indices, which in turn changes the
wave fronts’ phase. The propagation of these aberrated
wave fronts to ground level results in nonuniform wave-
front amplitudes and phases at the aperture, with the lat-
ter effect by far the most significant. At good astronomi-
cal sites, the wave front is well modeled by an amplitude,
A(x), which is constant across the aperture and zero else-
where, with an associated phase f(x).3

The wave is focused onto the focal plane of a telescope.
We adopt the following notation: x 5 (x, y) are the Car-
tesian coordinates in the aperture, with corresponding co-
ordinates (j, h) in the focal plane, where the photons are
detected. The relationship between the incident wave,
A(x)exp@if(x)#, and the speckle image, I(j, h), at the fo-
cal plane is given by4

I~j, h! 5
1

l2f 2 U E
2`

` E
2`

`

A~x!exp@if~x!#

3 expF2i
2p

lf
~xj 1 yh!GdxdyU2

, (1)

where l is the wavelength of the photons and f is the focal
length of the lens or mirror. For convenience of notation,
we will define u 5 (u, v) 5 (2p/lf )(j, h), whereupon
the complex amplitudes at the aperture and the image
plane form a Fourier transform pair.

From a simple geometric argument, it can be seen that
the slope, s, is related to the displacement of the speckle
image, a 5 (au , av), by a 5 s. The value of a corre-
sponding to the LMS slope is referred to here as the cen-
ter. This is different from the centroid, which represents
an estimate of the center.
2000 Optical Society of America
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Consider a planar wave front from an incoherent
source passing through an aberration-free circular lens of
radius r. When the image is diffraction limited, an Airy
disk pattern is observed.4 The point-spread function
(PSF), h(r), of the Airy disk is the intensity pattern ob-
served at the image plane. When normalized so that the
area integral is unity, the PSF can also be thought of sta-
tistically as a probability density function (pdf), i.e., the
probability of a photon landing at a certain region in the
detection plane. The Airy disk corresponding to an aper-
ture of radius lf/2p is given by

h~r! 5
J1~r!2

pr2 , (2)

where r 5 Au2 1 v2 is the radial distance from the cen-
ter of the image and J1(r) is a Bessel function of order 1
of the first kind. For determining the location of the cen-
ter of the PSF from a speckle image, the centroid estima-
tor is usually used.5 In Subsection 3.B we show that the
centroid is an optimal estimator for a Gaussian PSF, not
for an Airy disk.

3. MAXIMUM-LIKELIHOOD ESTIMATION
A. Maximum-Likelihood Estimator
The ML estimator yields the estimate for the parameter,
a, that maximizes the probability of obtaining the N re-
ceived points, ui 5 (ui , vi). This can be written as

â 5 a
max

)
i50

N21

h~uiua!. (3)

Here P i50
N21h(uiua) is the likelihood distribution and a

max

represents the value of a that maximizes it.

B. Slope Estimator for a Gaussian Point-Spread
Function
If we consider a Gaussian PSF as the pdf,

g~u! 5
1

2ps 2 exp~2u2/2s 2!, (4)

the likelihood equation is

)
i50

N21

g~uiua!

5 )
i50

N21 1

2ps 2 expF2~ui 2 au!2 2 ~vi 2 av!2

2s 2 G . (5)

Taking the log of Eq. (5) gives

(
i50

N21

ln g~uiua!

5 N ln
1

2ps 2 2 (
i50

N21 F ~ui 2 au!2 1 ~vi 2 av!2

2s 2 G . (6)

Differentiating with respect to au and equating to zero to
find the maximum gives
1

s 2 (
i50

N21

~ui 2 au! 5 0, (7)

which holds if au 5 (1/N)( i50
N21ui . Similarly, av

5 (1/N)( i50
N21vi . This is the conventional centroid esti-

mator, and it is optimal for a Gaussian pdf.

C. Slope Estimator for an Airy Disk
We now consider the PSF to be an Airy disk. If a single
photon is detected at u0 5 (u0 ,v0), then the ML estima-
tor for the center of the disk is

a
max

h~u0ua! 5 a
max

h$@~u0 2 au!2 1 ~v0 2 av!2#1/2%. (8)

Equation (8) has a solution at â 5 (u0 , v0). For one
photon this produces the same estimate as the centroid.
The expected value of the single-photon estimator on an
infinite plane,

E@ â# 5 E
2`

` E
2`

`

âh~u0ua!du0dv0 , (9)

is equal to a, showing that it is an unbiased estimator.
Its variance,

E@~ â 2 a!2# 5 E
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` E
2`

`

~ â 2 a!2h~u0ua!du0dv0

5 E
2`

` E
2`

`
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J1~u0 2 a!2

p~u0 2 a!2 du0dv0

5 2pE
0

` J1~r!2

p
rdr, (10)

is infinite. Physically, the reason for this is that the
probability of detecting photons very far away from the
center of the Airy disk does not decay quickly enough.1

The second moment of the PSF of any discontinuous ap-
erture measured on any infinite plane, not just on the fo-
cal plane, is also infinite.6 Since the photons are inde-
pendent, increasing the number of photons does not make
the variance of the centroid estimator finite. This shows
that the centroid estimator on an infinite plane is not fea-
sible. For N photons, however, the ML estimate is

a
max

Pi50
N21h$@(ui 2 au)2 1 (vi 2 av)

2#1/2%, a quantity that dif-
fers from the centroid. In Subsection 3.D the variance of
the ML estimator of the Airy disk on an infinite plane is
shown to decrease asymptotically to 1/N in each of the
two dimensions.

Truncating the plane constrains the centroid estimate
to a certain region, making the variance finite. The trun-
cated plane is placed where the center is expected to be;
thus the smaller the plane, the more prior information is
assumed. Therefore by adding prior information, the
truncated plane can improve the centroid estimate, even
though some photons are lost.

There are two major differences between the Airy disk
and Gaussian distributions and hence the ML and cen-
troid estimators. The rate of decay of the PSF far away
from the center is proportional to u22 for the Airy disk
and exp(2u2 /2s 2) for the Gaussian. The Airy disk PSF
has oscillatory variations in its intensity, including nulls,
where the probability of detecting a photon is zero. The
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latter is significant because the position of the nulls is
helpful in identifying the center, thus reducing the vari-
ance of the estimate. It is important to note that, unlike
the centroid estimator, the ML estimator requires that
the center be calculated in two dimensions simulta-
neously. In other words, the value of au affects av and
vice versa. As a consequence, it is more computationally
intensive.

D. Cramér–Rao Bound of the Airy Disk
The Cramér–Rao bound is a lower bound on the variance
of an unbiased estimator given its conditional probability
distribution, h(uua).7 The bound can be calculated pro-
vided that @](uua)#/]a and @]2h(uua)#/]a2 exist and are
absolutely integrable, which is the case for all the PSF’s of
interest. If â is an unbiased estimator of a, then we can
define a lower bound

Var~ â i 2 ai! > Jii, i P 1, 2, (11)

where Jii is the iith element of the 2 3 2 matrix J21. J
is called the information matrix and is given by

J 5 2EF ]2 ln h~uua!

]uu
2

]2 ln h~uua!

]au]av

]2 ln h~uua!

]av]au

]2 ln h~uua!

]av
2

G . (12)

We evaluate the leading diagonal elements of the matrix
by letting r 5 @(u 2 au)2 1 (v 2 av)2#1/2. Then
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This gives
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A similar approach for J22 can be used to show that
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Substituting Eq. (2) into Eq. (15) gives J11 1 J22 5 2.
By the symmetry of u and v, we can see that J11 5 J22
5 1. Similarly,

J12 5 2E
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` E
2`

`

~u 2 au!~v 2 av!
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since the integrand is antisymmetric:

J 5 F1 0

0 1G . (17)

Taking the inverse of J gives J11 5 J22 5 1. This results
in a lower bound of 1 for the variance in each of the axes.
This bound is equivalent to the quantum mechanics limit
imposed by the uncertainty principle, DxDp > h/4p,
where h is Planck’s constant and Dx and Dp are, respec-
tively, the uncertainty of the position and the momentum
of the photon.8

It can be shown that under certain general conditions9

(which are satisfied in this case), the likelihood equation
has a solution that converges to a as N → `. It is also
asymptotically efficient; i.e.,

limN→`Var~ â i 2 ai! 5 Jii, i P 1, 2, (18)

and asymptotically Gaussian. The ML estimator for N

photons is a
max

P i50
N21h$@(ui 2 au)2 1 (vi 2 av)

2#1/2%, yielding
a lower bound of 1/N for the variance. This is expected
from the central-limit theorem, as the likelihood equation
approaches a Gaussian distribution. Hence the variance
of the ML estimator converges to 1/N as N → `.

For completeness, the equivalent result for a
diffraction-limited rectangular aperture is stated here.
The PSF in one direction for a lens with its length equal
to lf/p is given by

s~u ! 5
sin2~u !

pu2 . (19)

The information matrix is now a scalar:

J 5 2E
2`

` d2 ln s~u !

du2 s~u !du

5 2E
2`

` F 2

u2 2
2

sin2~u !
G sin2~u !

pu2 du

5 4/3. (20)

Hence the Cramér–Rao bound for the variance is 3/4 in
each direction. This is slightly less than a circular aper-
ture of radius lf/2p, because the square lens has a larger
area than the circular one.
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4. PRIOR INFORMATION
A. Maximum a posteriori Estimator
The reason the centroid estimator works in practice is
that the detector is a truncated plane. This introduces
implicit prior information, as the detector is placed where
the center of the image is expected to be. If prior infor-
mation about the parameters to be estimated is known,
then the maximum a posteriori (MAP) estimator is appro-
priate. From Bayes’s rule, f (u, a) 5 h(uua)p(a), where
f(u, a) denotes the joint probability of u and a and p(a)
is the prior probability distribution of the centers. Hence
the MAP estimate for one photon, obtained from the
maximum of the a posteriori distribution is

a
max

f ~u0 , a! 5 a
max

h$@~u0 2 au!2 1 ~v0 2 av!2#1/2%p~a!.

(21)
Consider the case in which the center of the PSF is nor-
mally distributed around the origin with variance s 2 in
both u and v. Then

p~a! 5
1

2pg 2 exp~2a2/2g 2!. (22)

The information matrix, J, now consists of the sum of two
parts: the data, JD , which is equal to J in Eq. (17), and
the prior, JP

7:

JP 5 2EF ]2 ln p~a!

]au
2

]2 ln p~a!

]au]av

]2 ln p~a!

]av]au

]2 ln p~a!

]av
2

G
5 F1/g 2 0

0 1/g 2G . (23)

Hence the Cramér–Rao lower bound is given by

J 5 JD 1 JP

5 F1/g 2 1 N 0

0 1/g 2 1 NG , (24)

and the lower bound in each axis is J11 5 J22 5 1/(1/g 2

1 N).

B. Maximum a posteriori Simulations
The performance of the MAP estimator of the center of a
translated Airy disk was simulated on a plane. The cen-
ter of the Airy disk was assigned a displacement from the
origin that was normally distributed with a variance of 1.
The translated Airy disk was then used to define the pdf
of photon arrival. Photons were assigned a radius and
an angle at random with a distribution given by the pdf to
ensure the extent of the detection plane and that the reso-
lution available was limited only by the working precision
of the computer. Using discrete pixels would increase
the variance of the estimate, as some information about
where the photon lands would be lost. The results of the
MAP estimator are plotted along with the Cramér–Rao
bound in Fig. 1. The Cramér–Rao bound is very tight,
even at relatively small N.
C. Effect of Truncated Plane
As mentioned in Subsection 3.B, the centroid is the opti-
mal estimator for a Gaussian-distributed speckle image.
Indeed, several authors explicitly assume a Gaussian dis-
tribution, as it is analytically more tractable.10,11 The
Airy disk is approximated by a two-dimensional Gaussian
PSF, g(u), with the e21 point at a radial distance A2s
from the peak, corresponding to s 5 1.354 for the PSF de-
fined by Eq. (2).

This Gaussian model has proved successful in the de-
sign of adaptive optics systems, because when a truncated
plane is used for detection, it introduces implicit prior in-
formation. The minimum mean square error (MMSE) is
the mean of the a posteriori pdf and is given by

â 5 E
2`

` E
2`

`

auavp~a!

3 )
i50

N21

h$@~ui 2 au!2 1 ~vi 2 av!2#1/2%daudav . (25)

In the case of the centroid estimator, truncating the de-
tection plane results in a trade-off between the amount of
light collected and the implicit prior; the optimum detec-
tor size was previously investigated by Irwan and Lane.1

Since each dimension can be treated separately, we con-
sider the displacement in one dimension, u, on a square
detector with length 2W. The Gaussian approximation
to the PSF is normally distributed with mean a and s
5 1.354. Using the centroid, we obtain the expected
value of the estimator as

E@ â# 5

E
2W

W

ug~u 2 a !du

E
2W

W

g~u 2 a !du

, (26)

where the denominator is a normalization constant such
that the probability of receiving a photon on the truncated
plane is unity. The estimator is biased toward the origin,
as E@ â# < a. The MMSE estimate of a from an infinite
detector is

Fig. 1. Cramér–Rao bound for the Airy disk with N photons.
The points, with 1s error bars, represent the simulation results.
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g~u 2 a !du

5

p~a !E
2`

`

ug~u 2 a !du

E
2`

`

p~a !da

5
p~a !a

E
2`

`

p~a !da

, (27)

where p(a) is the pdf of the prior information. Equating
the two estimates yields p(a) to within a normalization
constant:

p~a ! 5

E
2W

W

ug~u 2 a !du

aE
2W

W

g~u 2 a !du

. (28)

This distribution, plotted in Fig. 2, must be normalized
for the true pdf of the prior to be obtained. Note that this
prior is associated with the detection of each photon, not
with the estimation of the center. Hence for N photons
the prior used should be p(a)N.

From another viewpoint, truncating the plane is also
equivalent to convolving the aperture with the scaled in-
verse Fourier transform of the detector.6 The effective
aperture is now continuous, so the variance of the PSF is
finite. Hence the truncated plane can be thought of as an
apodized aperture, where the variance is decreased at the
expense of a reduction in photons.

D. Slope Estimation of Kolmogorov Turbulence
Atmospheric turbulence can be modeled as obeying Kol-
mogorov statistics.3 This assumption results in ran-
domly varying normally distributed wave-front slopes
with zero mean and a variance in each direction of
7.17r0

25/3D21/3, where r0 is Fried’s parameter and D is the
diameter of the aperture.12 In this case the PSF does not
have an analytical description and must be computed nu-

Fig. 2. Unnormalized prior distribution, p(a), for W 5 10.
merically. The PSF can also be determined experimen-
tally if the statistics of the turbulence are not known or
there is significant noise in the detector.

The MMSE is, by definition, the estimator with the
smallest variance possible. Its main disadvantage is
that it is computationally expensive, but for discrete data
the integrations can be approximated by summations. In
a CCD, the number of photons falling on each pixel is
counted. For a (2M 1 1) 3 (2M 1 1) array, the MMSE
can be approximated by a discrete version of Eq. (25):

â 5 (
au52M

M

(
av52M

M

auavp@~au
2 1 av

2!1/2#

3 )
i50

N21

h$@~ui 2 au!2 1 ~vi 2 av!2#1/2%. (29)

E. Kolmogorov Turbulence Simulations
The performance of the MMSE for Kolmogorov turbu-
lence was simulated and compared with the centroid es-
timator. Random phase screens were generated with the
method of Harding et al.13 The LMS slope of the phase
was computed directly from the phase screens for refer-
ence. The incoming wave fronts, assumed to be of unit
amplitude, were 64 pixels in diameter inserted in an ar-
ray of 128 3 128 zeros. The pdf at the image plane for
that phase screen was obtained by using a discrete ver-
sion of Eq. (1). From this pdf a speckle image was
formed by use of Poisson statistics, with an average of ten
photons, and 600 phase screens were simulated for each
D/r0 ratio. From the results plotted in Fig. 3, it can be
seen that at low D/r0 ratios the MMSE significantly out-
performs the centroid estimator. As D/r0 increases, the
two estimates become more similar for several reasons.
The definition of the diffraction nodes and antinodes be-
comes weaker, and these features are responsible for the
low variance obtained in the Airy disk. The prior infor-
mation becomes less useful as the variance of the distri-
bution of the centers of the PSF increases. Also, as the

Fig. 3. Comparison of the variance of the error (pixels2) of the
MMSE and centroid estimators as a function of the level of tur-
bulence on a truncated plane. The error bars are the 1s uncer-
tainty.
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PSF gets broader, the PSF and the Gaussian become
more similar inside the truncated plane.

A simulation was performed to see how sensitive the
MMSE estimator is to the PSF and the prior information.
In this simulation, the turbulence had a D/r0 5 2 ratio
but the estimator was fed the parameters corresponding
to D/r0 5 4. The MMSE produced an average error vari-
ance of 0.31, which is just outside the uncertainty bounds
of the performance at D/r0 5 2(0.27 6 0.03). We con-
clude that the estimator is only weakly dependent on the
turbulence statistics, provided that the roll-off of the in-
tensity, h(u), follows a u22 law away from the center.

5. CONCLUSION
The optimal estimator for the LMS slope is the MMSE,
which can include prior information about the PSF and
the noise. When there is no prior information and the
PSF is Gaussian, the optimal estimator is the conven-
tional centroid. However, the centroid estimator of the
speckle image of a sharp aperture on an infinite plane has
infinite variance. By truncating the plane, one reduces
the variance at the expense of using a biased estimate.
This estimate is suboptimal also because of the loss of
photons. Truncation introduces implicit prior informa-
tion to the estimate, but this can also be introduced from
a knowledge of the turbulence statistics.

At low photon counts, the MMSE estimator is much
better than the centroid. For an average of ten photons
for D/r0 5 1, the difference was of the order of 30. As
the level of turbulence per lenslet increases, the advan-
tage obtained by using the MMSE is reduced.
The corresponding author, Richard G. Lane, can be
reached by phone, 64-3-366-7001; fax, 64-3-364-2761; or
e-mail, r.lane@elec.canterbury.ac.nz.
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